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INTRODUCTION 


Since the publication in 1931 of An Elementary Treatise on 
Acttuirial Mathematics, important changes have taken place in the 
syllabus for the examinations of the Institute of Actuaries. Algebra, 
Differential and Integral Calculus have been removed from Part I 
of the examinations and these subjects now form the mathematical 
section of the syllabus for the Preliminary Examination. Before a 
student can become a member of the Institute he must pass this 
examination and not until then can he become a candidate for 
Part I. 

In the circumstances it is apparent that An Elementary Treatise 
on Actuarial Mathematics does not now satisfy present needs. The 
larger portion of the book is unnecessary for the Preliminary 
Examination and the Part I student does not require the chapters 
on Trigonometry and Differential and Integral Calculus. 

Accordingly, the book has now been divided into two parts under 
the title of Mathematics far Actuarial Students. Part I of the book 
consists of the chapter on Trigonometry and the chapters on 
Elementary Calculus, taken with the minimum of alteration from 
Actuarial Mathematics. Part II, which is being almost entirely 
rewritten, will contain Finite Differences, Probability and Ele¬ 
mentary Statistics. 


Dec. 1938 


H.F. 



CHAPTER I 


ELEMENTARY TRIGONOMETRY 

1 . A knowledge of trigonometrical functions is essential for the 
proper understanding of various formulae of the differential and 
integral calculus. The present chapter is therefore devoted to the 
development of the elementary functions and their properties. The 
account is short, and for the purpose of studying the functions 
generally recourse should be had to a recognized textbook. The 
chapter has been included only with the object of enabling those 
who have not studied trigonometry to obtain sufficient knowledge 
to follow the remainder of the book. 

2. Definitions. 

Consider a straight line XiOX of indefinite length fixed in a 
plane. At a point O in the straight line is hinged another straight 
line OAy also of indefinite length, capable of being revolved about 
the hinge at O, but only in an anti-clockwise direction. Then, as 
OA revolves, it sweeps out an angle XOA. 



X, 0 NX 




Take any point P on the moving line OA and drop a perpen¬ 
dicular PN on to the fixed line XfiX. Then, by the properties of 
similar triangles, the ratios between the sides of the right-angled 
triangle PON will be the same for all positions of P, for any one 


FI 


X 
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position of the line OA. These constant ratios are the trigono¬ 
metrical ratios of the angle XOA, and are defined thus, where a 
stands for the angle XOA : 

NP. 

•gp is the sine of the angle XOA and is written sin a, 

ON . . 

Qjp >• cosine ,, ,, XOA ,, ,, cos u, 

NP 

tt tangent „ „ XOA ,, ,, tan cc. 


These are the principal ratios, and most trigonometrical problems 
can be solved by the use of these three ratios only. It is often 
convenient, however, to use the reciprocals of the ratios: the 
respective reciprocals are 


OP 


the cosecant of the angle XOA, written as cosec a, 


OP 


the secant „ ,, ,, ,, sec u. 


ON 


the cotangent „ „ XOA, „ „ cot a. 


3 . It is important to note that, even if the two triangles PON in 
the first two diagrams of Fig. i are geometrically equal, it does not 
follow that the trigonometrical ratios of the two angles given by the 
positions of OP are the same. In elementary plane geometry, the 
straight line joining any two points L and M may be indifferently 
denoted by LM or ML. On the other hand, the straight lines which 
enter into the definitions of the trigonometrical ratios have sign as 
well as magnitude, and the direction of the straight line determines 
the sign. To ascertain the correct sign to be given to a straight line, 
we proceed in the following manner. Imagine the plane in which 
the fixed line has been drawn to be divided into four sections by the 
straight line XiOX and a straight line YOYi through O perpen¬ 
dicular to XiOX. 

If OP be any position of the revolving line, we can arrive at the 
point P from O either by proceeding along OP or by the double 
journey ON, NP. In order to develop a logical system we must 
adopt a convention based on the direction to be taken to arrive at 
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P from O, and on the particular quadrant in which the point P lies. 
The convention is that lines drawn from O in the directions OX 
ox OY are positive and that those drawn from O in the directions 



OXi and OY^ are negative. The line OA is called the radius and is 
always to be considered as positive. The perpendicular line NP is 
to be regarded as drawn in the direction P, i.e, from the line 
OX to the radius OA, and not from P to N. 

In Fig. 2, therefore, we have 

1. Quadrant XOY: OiV positive and ATP positive; 

2. „ XiOY: ON negative and NP positive; 

3. „ XiOYii ON negative and NP negative; 

4. „ XOYii OAT positive and ATP negative. 

These quadrants are called the first, second, third and fourth 

quadrants respectively. 

4 . It is evident that the trigonometrical ratios, being derived from 
the ratios between ON, NP, OP, will have sign as well as magni¬ 




tude. For example, for the angle a in Fig. 3 (i) all the sides of the 
triangle ONP are positive in direction and as a result all the trigo¬ 
nometrical ratios of the angle will be positive. 


4 


ELEMENTARY TRIGONOMETRY 


On the other hand, in Fig. 3 (ii) we shall have 

sin a = NPjOP (positive)/(positive) i.e. positive, 

cos a = ONjOP (negative)/(positive) i.e. negative, 

tan a = NPjON (positive)/(negative) i.e. negative, 

and similarly for the reciprocal ratios. 

5. Negative angles. 

If the revolving line be constrained to move in a clockwise 
direction, it is said to trace out a negative angle. For example, let 
the straight line OAi take up the position indicated, not by a 



revolution passing first through the position OA, but by passing in 
the opposite direction direct to OAi; then the angle XOAi is a 
negative angle. 

In the figure the angle XOA is a, and the angle XOAi is — a. 


6. Relations between the ratios. 

From the definitions of the ratios we have at once 


NP 


tan a = NP/ON = 


OP sin a 
ON~ COSO 
OP 


o. ., 1 ^ cos a 

Similarly, cot a = -.— 

^ sino 

Again, from any of the diagrams in Fig. 1, 

JVPa + OiV» = OP*. 

(ATP/OP)* + {ONjOPy = I, 

i.e. (sin o)* + (cos o)* 


.(i). 



= I. 






IDENTITIES 


5 

A more convenient method of writing (sin a)\ (cos a)\ etc. is by 
omitting the brackets and denoting the squares of the ratios by 
sin* a, cos* a, etc. The above relation is therefore 

sin* a + cos* a = i .(iii). 

Similarly, by dividing both sides of the identity 
OiV* + NP^=^OI^ 

by OiV* we shall have 

I + (iVP/OiV)^ = (OP/ON)^ 


or I + tan* a == sec* a (iv). 

Again, dividing by iVP*, we shall obtain 

I + cot* a = cosec* a (v). 

7. Identities. 


Just as algebraic identities can be proved by the application of 
various fundamental rules, so the relations between the trigono¬ 
metrical ratios can be applied to the proof of trigonometrical 
identities. 

Example 1. 

Prove that tan a + cot a = sec a cosec a. 

tan a -i- cot a = sin a/cos a -t- cos a/sin a 

= (sin* a + cos* a)/cos a sin a 
= I /cos a sin a 
= (i/cosa)(i/sina) 

= sec a cosec a. 

Example 2. 

Prove that sec* a — cosec* a = tan* a — cot* a. 

sec* a — cosec* a ~ (tan* a + i) — (cot* a + i) 

= tan* a — cot* a. 

Example 3. 

^ tan a — tan ^ ^ ^ 

Prove that —-- ro + tan a tan =» o. 

cot a — cot p 

Multiply through by cot a — cot j8 and the expression becomes 
tan a — tan j8 + cot a tan a tan j 3 — tan a tan j 3 cot j8 
or tan a — tan jS + tan — tan o, which is zero. 
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Alternatively: 

cot a — cot S = ^- 

^ tan a 


1 

tan p 


• tan a — tan jS 

* * cot a — cot p 


tan g — tan p 
tan a tan j 3 

tan a tan p. 


8* Magnitude of angles. Degrees. 

The unit angle in elementary geometry is the degree. An angle 
of X degrees is denoted by x^. The degree is defined as the angle 
subtended at the centre of a circle by an arc equal in length to 
1/360 of the circumference. For arithmetical calculation the degree 
is a convenient unit, and we can obtain the values of the trigono¬ 
metrical ratios of many angles by reference to simple geometrical 
figures. 

Example 4. 

Find the sine, cosine and tangent of (i) 45°, (ii) 30®, (iii) 60®. 

(i) Let ONP be an isosceles triangle, right- 
angled at N, so that ON = NP. Then, if ON 
be of unit length, 

OP* « OiV® + iVPa = I + I - 2, 

60 that OP = Vz. 

Therefore, easily, 

sin 45® = 1IV2, cos 45® = 1/V2, tan 45® = i. 

(ii) Take the angle XOA to be 30®. Then the angle NPO is 60® and 
the figure ONP is one-half of an equi¬ 
lateral triangle of side equal in length to 
OP. 

If, therefore, NP be of unit length, 

OP ~ 2 and ON = V3, so that 

““ 30° = h COS 30° ■= V3/2, 

tan 30® = 1IV3. 

(iii) From a consideration of the above figure it is evident that 

sin 60° = V3/2, cos 60® =■ tan 60® = V3. 

9. Magnitude of angles. Radians. 

A more convenient unit for analytical purposes is the angle 
subtended at the centre of a circle by an arc equal in length to the 
radius: this angle is called a radian. Since the ratio between the 
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7 

angle at the centre and the arc on which it stands is constant for all 
circles, it follows that the radian is the same whatever the radius 
of the circle: the radian may therefore be taken as a unit of 
measurement. 

To obtain the number of radians corresponding to the number 
of degrees in an angle, all that is necessary is to multiply the number 

of degrees by . This is easily seen to be so, for if x be the number 

of degrees corresponding to a radian, we have 

angle subtended by th e arc equal in length to the radius _ radian 
angle subtended by half the circumference ~ 180° 

i.e. r/wr = x/iSo, 

so that X = iSo/w, or w radians = i8o“. 

In applying the calculus to trigonometrical functions it is 
essential that angles should be expressed in terms of an absolute unit 
of measurement. Consequently, in all the work that follows, unless 
otherwise stated, angles must be taken to be measured in radians. 

10. Periodicity of the trigonometrical ratios. 

If we consider the definitions of the ratios, taking into account 
the signs as well as the magnitudes, it can easily be shown that 
there will be more than one angle having the same particular ratio. 
To take a simple example: in the following figure, let the radius 



take up the positions OA and OA^ , where the angle XOA is the 
angle a and the angle XOA^ is the supplement of XOA, i.e. n — a. 

Then, attending to the directions of the lines involved, we shall 
have 

sin a = NP/OP -= NiPJOPi = + sin (tt — a), 
cos a = ONjOP = — ONJOPi = — cos (it — a), 
tan o « NP/ON «= N^P^f- OiVi = - tan (tt - o). 


and 
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Again, from the figure it can be shovm similarly that 
sin a = — sin (tt + a) = sin (ztt — a), 
cos a = — cos (tt 4 " a) = + cos (zrr — a), 
tan a « + tan (tt + a) = — tan (ztt — a). 



If now the radius make a complete revolution, so that, starting 
from the position OX it takes up the position OA after first tracing 
out the angle ztt, then it is evident that sin a = sin (ztt + a); 
cos a = cos ( 27 r + a); tan a = tan (ztt + a). 

We have, therefore, that 

sin a = sin (tt — a) = sin (ztt + a) = sin (3^ — a) =., 

cos a = cos (ztt ~ a) —• cos (ztt + a) = cos (^tt — a) =., 

tan a = tan (v + a) = tan (ztt + a) = tan (377 4- a) ==. 

These relations may be generalised in the forms: 
all angles having the same sine as a are the values of nn + (— i)” a, 

„ „ cosine „ „ 2^77 ± a, 

„ „ tangent „ „ wtt + a, 

where « is a positive integer. 

For example, it has been proved above that sin 30® = In 
absolute measure this is sin 77/6 = so that all angles whose sine 
is i are the successive values of {n77 H- (— i)” 77/6}, i.e. 77/6, 577/6, 
1377/6, 1777/6, and so on. 

It will be seen that if we replace n by zm, so that only even values 
of the positive integers are taken into account, the general angle for 
sin a is zvitt + a ; this brings the property of the sine into line with 
those of the other ratios. For all the trigonometrical functions, 
therefore, we may say that 

f(x + zmir) = / (jkt). 
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If a function have this property it is said to be ^ periodic functum 
with period 2w. 

A graphical representation (Fig. 7) shows quite clearly the 
periodic property of the sine, cosine and tangent. 



Fig. 7. 

Notes: (i) The tangent and cotangent are periodic with period ir. 

(ii) It can be shown quite easily by the consideration of a 
diagram similar to Fig. 6 that the generalised forms hold equally 
for negative integral values of n. 

11. Ratios of (^ + a). 

(i) If in Fig. 8 the angles XOP and XOPi are a and ^ — a re¬ 
spectively, and we make OP^=OP, then by considering the geometry 
of the two triangles ONP and ON-iP^ 
it is easily seen that 

ON/OP = NiPJOPi, 

NP/OP = ONJOP^, 

NP/ON^ OiVi/iViPi; 
so that cos a = sin (|it — a), 
sin a = cos (|ir — a), 
tan a = cot (Jtt — a). 



0 


AT, N 
Fig. 8. 


X 
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io 

Similarly, cot a = tan (Jir — a) and cosec a — sec (|ir — c). 
The angles a and Jtt — a are called complementary angles, the 
“co ” in cosine, cotangent and cosecant corresponding to the com¬ 
plementary angle. 

(ii) If the angle JTOPi = ^ + a as in Fig. 9 



we shall have ONjOP = NiPi/OPi , cos a — sin + a ); 

also NP/OP = — ONJOPi , sin a = — cos (^tt + a) , 

and tan a = — cot (^17 + a). 

(iii) When the angle XOP is so small that ON and OP coincide, 
sin 0 = 0, cos 0=1, tan 0 = 0; 
and from the above 

sin ^ = cos 0 = 1, cos ^tt = sin o = o, tan ^ = 00. 


12. Inverse functions. 

From the identity sin it/6 = J we can obtain the inverse relation, 
namely, that w/6 is the angle whose sine is The notation adopted 
for this is 

sin-1 ^ 

This inverse notation is not to be confused with the algebraic 
notation for negative indices. Although a~^ is equivalent to i/a, 
sin-i* is not i/sin», but the angle whose sine is x. We have 
generally from the above, that if sin a = x, then 

sin“i * = W77- + (— i)" a. 

As a general rule it is convenient to take the inverse function as 
the numerically smallest angle (with the proper sign) giving the 
required value of the direct function. 



PROJECTION 


II 


Example 5. 

Write down (i) the smallest positive angle, (ii) the general formula for 
the angle x, given that * = cos-^ o + cos-^ V3I2 + cos-^ i/Vi. 

cos ^7T = o, cos-1 o = |jr; 

cos jt/6 = V3/2, .*. cos-1 VJ/z = w/6; 
cos w/4 = j/VI, cos-1 ijVz = 7r/4. 

Therefore x = + w/h + tt/^ = ii tt/iz, which is the smallest posi¬ 

tive angle. The general angle is znn ± iiirliz. 

13. Projection. 

If from the extremities of a straight line AB perpendiculars be 
dropped on to another straight line LM, produced if necessary, 


B 



the part intercepted on LM by the feet of the perpendiculars is 
called the projection of AB on LM. 

In Fig. 10 A^Bi is the projection of AB and ByA^ is the pro¬ 
jection of BA, If AN be drawn through A parallel to LM, then 
AyBy = AN. Call the angle NAB jS; then ANjAB — cos ]8, so that 

AyBy — AN = AB cos j8. 

In other words, the projection of the line AB on the line LM is 
AB cos ) 3 , where jS is the angle between the lines AB and LM, both 
produced if necessary. As in para. 3, the lines are supposed to 
have signs according to the direction in which they are drawn: 
thus BA = — AB and so on. 

The following proposition is important. 

The sum of the projections of the sides of a triangle XYZ, taken 
in order, on any straight line in the same plane, is zero. 
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The projection of is LM, 

„ YZisMN, 

„ ZX is NL, 

so that the sum of the projections of XY, FZ, ZX is 
LM + MiV+iVL = o. 

Y 


L N M Z 

Fig. II. 

As a corollary to this, we have at once that the sum of the pro¬ 
jections of A'F and FZ = the projection of XZ. For, denoting the 
projection of XY by (XY), etc., 

(XY) + (FZ) + (ZX) = o, 

i.e. (XY) + (FZ) = - (ZX) = (XZ). 

It is easily seen that if ABCD...K be any closed figure, the sum 
of the projections of the sides AB, BC, CD,... taken in order on 
any straight line in the same plane is zero. 

14. The addition theorems. 

Let the revolving line sweep out the angle a by taking up the 
position OA, and subsequently the angle by the new position OB. 


(0 


( 2 ) 


Fig. 12. 

Drop a perpendicular PN from any point P in OB on to OA. 
Project die sides of the triangle ONP on to OX. 






THE ADDITION THEOREMS 


^3 


(1) (OP) = (ON) + (NP) 

= ON cos a + NP cos (in + a) 

= ON cos a ~ NP sin a. 

/. OP cos (a + j8) == OP cos jS cos a — OP sin jS sin a. 

(2) (OP) = (ON) + (NP) 

= ON cos (tt + a) + NP cos (in + a) 

= ON (— cos a) — NP sin a. 

OP cos (a + j3) = OP cos (tt — jS) (— cos a) — OP sin (n — jS) sin a 
= OP cos j3 cos a — OP sin jS sin a. 


Therefore in both cases we have that 

cos (a -t /3) = cos a cos )8 — sin a sin j3 .(vi). 

By changing the sign of jS, 

cos (a — jS) = cos a cos j8 -f sin a sin ]8 .(vii), 


since it can be shown easily from the relations in para. lo that 
cos (— jS) == cos j8, and that sin (— j 3 ) = — sin jS. 

Again, by changing a to Jtt + a in (vi), 
cos (Itt + a + j8) = cos (in + a) cos j8 — sin (in + a) sin j8, 


i.e. sin (a + jS) = sin a cos j 3 -h cos a sin jS .(viii), 

and, by writing — j 3 for j 3 in (viii), 

sin (a — j 3 ) = sin a cos jS — cos a sin jS .(ix). 


The corresponding formulae for the tangents of the compound 
angles may be obtained thus : 

, sin (a + B) sin a cos B + cos a sin B 

cos (a + p) cos a cos p — sin a sin p 
sin a cos j 3 cos a sin j8 

cos « cos p ^ cos a cos p tan a + tan jS . . 

cos a cos P sin a sin ^ i — tan a tan ^8 .' 

cos a cos P cos a cos ^ 

and similarly tan (a — j8) = .(^)* 

^ ^ I + tan a tan p ^ ' 


and similarly tan (a — ]8) 


No^^. We have proved the addition theorems for the following ranges 
of angles: (i) a + jS < Jtt; (2) a< in and in < P < n. The method 
of projection can be applied in a similar manner to prove the theorems 
for angles of any magnitude. 
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15. Sum and Difference formulae. 

We have 

sin (a + / 3 ) = sin a cos j8 + cos a sin j 3 , 
sin (a — / 3 ) == sin a cos — cos a sin jS; 
therefore, by addition, 

sin (a + j8) + sin (a — / 3 ) = a sin a cos / 5 . 
Let a + p = Y and a — j8 = 8. 


Then sin y + sin 8 = a sin ^ (y + 8) cos i (y — 8) .(xii). 

By subtraction, we have, similarly, 

sin y — sin 8 = a cos ^ (y + S) sin i (y — 8) .(xiii) 

From formulae (vi) and (vii) it can be shown in the same mannet 
that 

cos y + cos 8 = a cos 4 (y + 8) cos 4 (y ~ S) .(xiv), 

cos y — cos 8 = a sin 4 (y + 8) sin 4 ~ y) 

= - a sin 4 (y + 8) sin 4 (y - 8).(xv). 


These formulae can be proved by projection on the same lines 


as those adopted for the proofs of the addition formulae. 

16. Double angles and half angles. 

From formula (vi) we have, by putting P = a, 
cos aa = cos* a — sin® a, 
or, since cos* a + sin* a = i, 

cos 2a — 2 cos* a — I = I — a sin* a .(xvi). 

Again, from the formula for sin (a + p), putting a = jS, 

sin aa == a sin a cos a .(xvii). 

The tangent formula (x) gives 

tan aa = a tan a/(i — tan* a) .(xviii). 


By replacing aa by a convenient formulae in terms of half angles 
can at once be obtained, thus: 

sin a => a sin 4a cos 4a, 

I = cos* 4a + sin® 4a; 










ILLUSTRATIVE EXAMPLES 

. . 2 sin ia COS ia 

sin a = —— ^-#1- 
cos- Ja + sin^ 

2 sin la cos \a 

cos^ la 

cos^ la sin^ la 
cos^ la ^ cos® la 
2 tan la 
I + tan® la 

Smularly cos«-_-— 

and, by division, tan o = ^ —"tan* io 


»S 


(xix). 

,(xx), 

(xxi). 


17. Examples. 

Some examples illustrative of the use of the above formulae foi 
the proving of identities and for the solution of trigonometrical 
equations are given below. 


Example 6. 
Prove that 


sin 5a -f sin a 
sin 3a — sin a 


= 1 + 2 cos 2a. 


sin 5a + sin a _ 2 sin I (5a + a) cos I (5a — a) 
sin 3a — sin a 2 cos J (3a + a) sin | (3a — a) 

_ 2 sin 3a cos ^ _ sin 3a 
2 cos 2a sin a sin a ’ 

But sin 3a = sin (2a + a) = sin 2a cos a + cos 2a sin a 

= 2 sin a cos®a + (i — 2 sin®a) sin a 
= 2 sin a (i ~ sin®a) + (i — 2 sin®a) sin a 
= 3 sin a — 4 sin®a. 

/. sin 3a/sin a = 3 — 4 sin®a = 3 + 2 (i ~ 2 sin®a) — 2 
= I + 2 cos 2a. 

Example 7. 

If cos a + cos P + cos y + cos a cos j3 cos y = O, 

prove that tan |a tan Ip tan |y = ± i. 


Now 


tan ^a 


I — tan® ia 
cosa == ———. 

I + tan® la 

== a, tan Ip == 6, tan Jy * c. 


Let 
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Then the condition that 

cos a + cos jS 4- cos y -f cos a cos j3 cos y = o 
is the same condition as 

1-^2 I _ *2 I ^ ^2 _ ^2) _ J2) _ ^2) 

I + fl2+ I ^ J2+ I + ^2+ (i ^ ^2)(i ^ J2) (i ^ ^2) - O- 

By a simple algebraic transformation this becomes 

4 (i — 

(i + a*)(i + i*)(i + c2) “ °* 
i.e. I — c?h^c^ = o, 

or abc= ± i; 

i.e. tan |a tan Jj8 tan |y = i i, 

which proves the proposition. 

Example 8. 

Prove that, if a + j3 + y = ^, then 

I — cos g 4- cos P + cos y _ tan 
I — cos j8 4- cos y 4- cos a ~ tan |j8* 


If a 4- jS 4* y = w, then Ja = (jS 4- y), so that 

sin Ja = cos Hi® + y) Hi® + v)* 


(i — cos a) 4- (cos jS 4- cos y) _ 2sin^ i a +2 co s ^ (jS 4- y) cos | ( jS —y ) 
(i 4- cos a) 4- (cosy — cos ~ 2 cos^ |a 2 sin ^ iP + y) sin^ (y — j®)* 
Substituting for sin Ja and cos H ^ above, and dividing through by 


1 /Q T Hi® + y) tan we obtain 

sm J tP 4- y; 


cotH^ + y) 


Example 9. 


cosH^ + y)-hcosH ^-’y) 

sin H^ + y) + sin i (P - y) 


! tan H 


2 cos ^ cos ^ p 
2 cos iy sin JjS 


tan H 
tanp’ 


Solve the equation sin 9^? 4- sin 50? 4- 2 sin^^p «= i. 


sin 9JC 4- sin 5;^ «= I — 2 hin^x 
= cos 2X,, 

i,e. 2 sin yx cos zx = cos zx ; 


therefore, either cos zx^o .(<2), 

or sin J .(i). 





From {a) 
or 

and from (6) 
or 


ILLUSTRATIVE EXAMPLES 
2 M = Jtt, 

X = 77'/4 and generally x = \ { 2 n ±\) tt, 

IX = 

^ =* W42 » « =» I [« + (~ l)^ i] TT. 


Example 10. 

Express the function A cos y + B sin y in terms of a single function 
of a single angle. 

Let A — r cos 8, and jB = r sin 8. 

Then, since cos*8 + sin*8 = i, we have A^-h == 
and, by division, tan 8 = B/A, 

i.e. 8 == tan~^ 

We may write, therefore, 

A cos y + jB sin y = r cos y cos 8 + r sin y sin 8 = r cos (y — 8), 
where r = i V- 4 ^ -f- B'\ 

Similarly A cos y — jB sin y = r cos (y -f 8). 


Example 11 • 

To expand cos nx in an ascending series of powers of cos x and sin x, 
where n is a positive integer. 

Now, cos zx = cos^jc ~ sin^A?, 

cos 3 A? = 4 cos^^^c — 3 cos X 

cos^x + 3 cos^^r — 3 cos x 
— cos^x — 3 cos ^ (i — cos^^r) 

Z Z • 

= cos^x — 3 cos X sin^^r = cos® a: — cos x sin®;r, 

^ 2! 

cos 4^r == cos®2JC — sin^2Jr 

= cos^;c — 2 cos^x sin® a; + sin^^: — 4 sin®^ cos®;» 

= cos^jc — 6 cos®;ic sin®;r + sin^^ 


= cos*A? — --2 cos® a: sin®AP + — sin* a:, 

2! 4! 

This suggests the general form 

cos fix = cos" Af—W(2) cos"”"® A? sin® A? + W(4) cos"“*a; sin* at —... 

4 - ( ~ i)”*«(2m) cos"-®"*AT sin®"*A: +..., 
where stands for ^^n(n — i)..,(n-r+i). 

Similarly, by expressing sin 2 a?, sin 3A: and sin 4A? in terms of powers 
of cos X and sin at, the general form for sin nx would appear to be 
sin iwc = wq) cos"“^a; sin x — n(3) cos"“®x sin® a; +... 

+ ( - cos"-*<®"*-i^ A? sin®"*-^^: +.... 


FI 


2 
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Assume these two formulae true for the positive integral value 
Then 

cos (»+1) a;=co8 nx cos or — sin njn? sin x 

=cos X (cos”A?—«(2) cos”“2a? sin^A? +...) 

—sin X (%) cos”-^A? sin x - wo) cos”~® a? sin® a? + ...), 
where the coefficient of cos^-^’^+^a: sm®”*;c is (-i)’” (w(2m)+W(2m-i))> 
which is ( -1)”* (» + 

Similarly for sin (« + i) At. * 

If, therefore, the series are true for n they are true for « + i. But they 
are true for 2, 3, 4, ; therefore they are true for 5, 6,... and for any 

positive integer. 


EXAMPLES I 

1. Write down the sine, cosine and tangent of the following angles. 

150% I 3 S°» 7 So^ 210°. 

2 . Express the angles in the above question in radian measure. 

3. Explain carefully why the following relations are impossible: 

(a) sin .4 = 1*2; (b) sin® A — 2 — cos® A ; 

(^:) sin .4 = *8 and cos ^ = *7; (d) tan ^ = *8 and sec -4 =* *9; 

(e) sin A = *5, cos .4 = *4 and tan A = '6. 

4. Give in radians the smallest positive angle satisfying the equations: 

(a) sin A? = (b) sin |a; = V3/2; 

(1:) tan4A? = I; (d) cosec x=^ Vz; 

{e) cos 8a? = I. 

5. Determine cosec j8: 

(a) secjS = 8; {b) cosj 3 = -108; (c) tan p = -501. 

6. Prove the identities: 

(i) sin^ a ~ sin® a = cos^ a — cos® a; 

(ii) cos® a — sin® a = 2 cos® a — i = i — 2 sin® a; 

(iii) sin® a — cos* a = (i + sin a cos a) (sin a ~ cos a); 

(iv) sin y cos y = tan y/(i 4- tan® y); 

(v) sin® P tan® P + sin® P = tan® jS; 

(vi) (tan A — tan B) cos AcosB ^ sin -4 cos — cos A sin B; 

(vii) cos® )8 (3 — tan® j 3 ) = 3 — 4 sin® p ; 

( cos® p — sin® y ^ 1 — tan® p tan® y 

sin®j8sin®y tan® ^ tan® y * 

(ix) 2 cos — sec A = (cos A — sin ii) (i + tan A); 

(x) (sec + tan jS) (cosec — cot P) « (sec - i) (cosec P + i). 
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7. Write down the complete solutions of the following equations: 

(i) sin A? « 1/A/2; (ii) sec ;ii? = 2; 

(iii) tan a: = - i/V3; (iv) cos (Jtt + 0) == o; 

(v) sin d = cos 0 . 

8. Complete the identities: 

(i) sin“^ \ + sin-^ V3/2 = (ii) cos”^ o + cos~^ i « 

(iii) tan“^ V3 + tan~i i/V3 =* 

(iv) sin“^ (— i) + cos~^ o = (v) cos-^ \ + z sin“i J »■ 

(vi) cot””^ 00 + tan"^ i = 

(vii) cos“^ (“ i) + 4 sec~^ (— zjV 3) =* 

(viii) sin“^ (— i) -f sin“^ (— \) = 

(ix) sec”^ 2 + sec“^ (— 2) + sec~^ (— i) = 

(x) 3 cosec“^ 2 + cosec~^ 2) -f cosec~^ (— i) =« 

9. Solve the equations: 

(i) cos /[X = sin ^x\ (ii) sin x = cos lox; 

(iii) tan a? = cot (^tt + x); (iv) cosec x = sec (377 — 2x)\ 

(v) sin (nTT — 3^) = cos (ztin — ^jc). 

10. Write down, in terms of ratios of the angle 6 alone, 

sin (377/2 4 - 0 ); cos (377/2 — 0 ); tan (577 — 0 ); cot (577/2 — 0 ); 
cosec (277 + 0 ); sec (777/2 4 - 0 ); cot (— 0 ); sin (— 377 — 0 ); 
cos (— ^77 4 - 0 )> 

1 1, Show that 


(i) given A = sin-i 3/5, 

cos^ = 4/5; 

(ii) 

>> 

B = cos“^ 12/13, 

sinB = 5/13; 

(iii) 


C = sin~^ 8/17, 

cos C= 15/17; 

(iv) 

>1 

D = tan“^ 1, 

sin D — i/V5. 

12. Find the values of 


sin (A 4- B) where A = sin~*^ 3/5 and B = cos~^ 12/13; 

cos (A 4* B) 

>> 

A = cos~^ 3/5 

B =5 sin""^ 8/17; 

sin (A ~ B) 

>» 

A = sin~^ 12/13 

= sin”^ SI 

1 

0 

0 

99 

^ = sin-1 

B = tan~^ ^; 

sin zA 

99 

^ = sin“i 15/17; 


cos zA 

99 

^ = cot-1 2 ; 


tan (A + B) 

99 

-4 = sec-i s/4 

jB = cot~^ 12/5; 

tan (A — B) 

99 

^ = sin-1 3/5 

jB = cosec*"^ V 5; 

tan zA 

99 

A = sin-1 '83; 


cot (A — B) 

99 

A cos'i *7 

5 » sec”^ 3. 
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Prove the following identities: 

13. sin (v 4 — J 5 ) cos B + cos (A — B) sin B = sin 

tan (^ + B) - tan ^ =tanB- 
I + tan (A -f B) tan A ’ 

sin 3a == 3 sin a — 4 sin® a; 

16. tan 3a (i — 3 tan® a) = 3 tan a — tan® a; 

17. sin 7 r /6 + sin 77/3 = 2 sin Jtt cos 77/12; 

18. sin 3 j 9 -i- sin SjS == 2 sin 4)8 cos ; 

19. tan p = (i - cos 0 )/sin 0 ; 

20. sin (0 -f J77) — cos (0 — J77) = o; 

21. cos (J77 4 - 0 ) + cos (J77 — 0 ) = Va cos 0 ; 

22. cos (a + j 8 ) 4 - sin (a — j 8 ) = 2 sin (J77 4 - a) cos (J77 4 - / 5 ) ; 
cos A 4 - cos 3^4 4- cos ^A 4- cos 7^4 = 4 cos A cos 2^4 cos 4^4; 
(cos A 4- cos 3^) cos 4^4 = (cos 3^ 4- cos $A) cos zA ; 
tan A 4 - tan B = sin (A 4- iB)/cos .4 cos B ; 

26. cos 2j8 cos j 3 — sin 4jS sin j 3 = cos 2j8 cos 3j8; 

27. cos 48 = cos^ 8 — 6 cos® 8 sin® 8 4- sin^ 8; 

28. (a + b) -h {a — b) tan® 0 = (a 4- 8 cos 20 ) sec® 0 ; 

29. cos 44 [ = 3 4 - 4 sin 2-4 — 2 (cos .4 4 - sin - 4 )^; 

30. tan J (4 4- 5 ) — tan |(4 — JS) = 2 sin J 3 /(cos 4 4- cos B ); 

31. (tan 4 + tan B) sin {A- B)=^ (tan 4 - tan B) sin (4 + B); 

32. (cot® 4 - tan® B) sin® 4 cos® B « cos (4 + B) cos {A- B), 


14, 

15* 


23 - 

24. 

25. 


Solve the equations: 

33. 2 sin 4 - S cos AC = 2; 

34. cos (a 4- Jc) — sin (a 4- Jc) = V2; 

35. cos”"^ rc « ^77 — cot""^ 2; 

36. 4 cos oc = 2 tan jc 4- 3 sec x; 

37. sin X sin 3JC = sin $x sin yx; 

38. tan-i + tan-i = tan-^ (- 7); 

39. cos 4 - cos 2x 4 - cos 3X 4- cos 4^ = o. 

40. X « tan““^ i 4“ tan'^ J 4- tan"^ . Express x in the form 
tan""^ k. 

41. Prove by projection that 

cos 4 4 - cos (277/3 4 " 4 ) 4- cos (277/3 — 4 ) « o. 

42. Plot the curve sin x/cos 2x from o to 77 and hence solve approxi- 

mately the equation cos 2* = sin *. 

43. Show that 

2 cos ■» (± Vi + sin -4 ± Vi — sin - 4 ). 
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How would you find the cosine of the half-angle, given the sine of the 
whole angle, from this formula? Explain your answer by obtaining 
COSir/l2. 

44. If -4 + S + C = TT, prove that S tan A = tan tan B tan C. 
Prove also that 2 sin zA == 4. sin A sin B sin C. 

45* Prove that 2 tan*"^ ^^ tan « cos~^ — ^ 

+ J U + icosA:J 

46. Solve the equation 8 sin jc + Vs sec x ~ cosec x, 

47. If sin (fi + C — A)^ sin (C + ^ — B), sin (^ + jB — C) are in 
arithmetic progression, prove that tan- 4 , tanfi, tan C are also in 
arithmetic progression; and conversely. 

48. Solve the equation sin*"^ (i — + tan“^ 2:!c = 

49. Obtain a and )8 from the equations 

sin (a + cos (a- jS) = |, 
cos (ct + jS) sin (a —i8) = J. 

50. By multiplying all the way through by 2 sin sum the series 

sin a4-sin (a+^) + sin (a + 2j8) +... to n terms. 

Show that 

cos a + cos (a + znjn) + cos (a + 4^/^) +... + cos (a + 2n - 1 7 r/n) = o. 

51. Use the tables to verify the results of Qu. 44 and Qu. 47 when 
tan -4 = I, tan 5 = 2 , tan C = 3 . 

52. If - 4+5 + C = TT, prove that 

B C C A , ^ A^ B 
tan - tan —htan—tan — +tan— tan — = i, 

22 22 22 

and verify this numerically when 

^ = 10°, 5 = 40°, C=i30®, 
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FUNCTIONS AND LIMITS 

1. In most mathematical operations there are two classes of 
quantities. One class consists of those quantities which have the 
same value throughout the operation, and the other of quantities 
which may take different values. The first class are constanis and 
the second are variables. If for example throughout a particular 
investigation y = 5, then wherever y occurs we may substitute the 
value 5 and y is said to be constant. If however y = x + 2, then 
to any particular value of x there corresponds a different value of y. 
In this example, if x may take up any value that we care to give it, 
then x is called an independent variable. On the other hand, y will 
vary according to the value that we assign to x and is said to be a 
function of x, or simply a dependent variable. A function of x is 
generally expressed in either of the following notations: fix), 
F(x), <f> (x), ... or «*, ©e, 14, .... There may be more than one 
independent variable on which the value of the function depends. 
Suppose thaty = * sin a + ar cos j8, where x, z, a, all vary: then 
X, z, a, p are the independent variables and y may be written as 
f{x,z,a,P) OTU^^. 

A rational integral function is a simple form of function depending 
upon one variable. 

y ’= a + bx + cx^ + dx^ + ... + hi" is a rational integralfunction 
of the nth degree in x, where a, b, c, d, ... k are constants and the 
indices are positive integers, n being the greatest. 

It should be noted that for any one value of x in such a function 
there is one and only one value of y. 

An alternative name for a rational integral function is a poly¬ 
nomial. A polynomial in x is generally written as P„ (x). 

When represented graphically, the curve y = a + -f c** + ... is 
said to be of the parabolic form. 

2. Algebraic functioiis. 

A function y =/(*) is an algebraic function of « if it is the root 
of an equation of the form 

a+/3y+yy*+...-i-Ky"+...= o, 
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where the coefficients a, j3, y,... k, ... are rational integral functions 
of X. In such cases y will usually have more than one value for 
any given value of x. y is then called a multiple-valued function 
of X, A simple example is y® + 2ay + ]8 = o, where a, ^ are functions 
of «: for any value of », y may have either of the values 

— a ± (a® — ]8)i. 

In the majority of examples that will occur subsequently the 
algebraic functions involved vsrill be defined by simple forms 
of equations (e.g. 

ax + by + c = o\ y® — ^ax = o; «® + y® = r®); 
and it will generally be unnecessary to consider the multiple¬ 
valued function Ay^ + Ey”-^ + ... = o. 

The relation between a function of x and its argument may 
be expressed in one of two different forms. Consider for example 
the function y defined by y = / (ac) = a + fear -f cjc® + diw®. For 
any value of x the value of y becomes evident by simple substitu¬ 
tion. Where this is so, y is said to be an explicit function of x. On 
the other hand, if the relation connecting x and y is of the form 
0 (*, y) = a 4- bxy +• cx^ -t- dy^ = o, we cannot find y by an 
immediate substitution of a value of x. A further process is 
necessary—^in this example the solution of a cubic equation in y— 
before the value or values of y can be obtained. <f> (x, y) = o defines 
an implicit function of x andy. It should be noted that plane curves 
can be represented either by an explicit function of one variable, 
y —f (x) ; or by an implicit function of two variables defined by 
<f> (x, y) = 0 . Similarly, an explicit function of two variables, 
z =f {x, y) and an implicit function of three variables defined by 

{x, y,z) = o represent surfaces in three-dimensional geometry. 

A familiar type of rational integral function is a homogeneous 
function. 

/(*,y, «.-) is a homogeneous function of the «th degree in 
*, y, ar,... if, when the variables x,y,z,... are replaced by 
\x. Ay, Aar,... respectively, the resulting function is A" / («, y, ar,...). 

A simple example is 

L (*® H- y® -4- ar®) + Af -f y®ar + a:®* + scy^ + yar® + ar*®) 

+ Nxyz\ 

this is a homogeneous Junction of the third degree in *, y and ar. 
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3. Transcmdental fimctions. 

Any function that is not an algebraic function is called a tram^ 
cendental function. Examples that occur at once are the trigono¬ 
metrical ratios sin x, cos x, etc., and the exponential and logarith¬ 
mic functions log x. Since c* is also an exponential function, 
y = f {x) = a + is a transcendental function. The forms 
a + bd^ and a + bx hf are of frequent occurrence in actuarial 
processes. 

4. Rates. 

Suppose that successive values of a function y and its argument 
X are given by the table 

X abed... 
y a' b’ c' d' ... 

If we denote the differences between successive values of x by 
and those between successive values of y by Ay, then for the 
first interval, ^=b—a, and Ay=6'—a': for the second interval 
A*=c—ft. Ay = c'—6',... and so on. If for every interval, whatever 
the values of a, ft, c, d, Ay/Ax is constant, then y is said to vary at 
a constant rate with respect to x. 

It is evident that this constant variation will occur only in a 
limited number of instances. A well-known example is that of 
uniform motion in a straight line. If x represents time-intervals 
and y distance-intervals, the ratio dyl^x represents the speed of 
the moving body, and if this ratio is constant, the body is said to 
be moving uniformly or at a constant rate. 

More commonly, rates will be variable and the successive values 
of Ay/A» will not be equal. We can, however, assign a meaning 
to Ay/A* by considering each interval separately. For example, 
giving numerical values to * andy, uniform variation is illustrated 
by 

* I 2 3 4 ... 

y 5 10 15 20 ... 

for Ay/A» *=• 5 *» constant. 

On the other hand, if corresponding values of * and y are 
X I 2 3 4 ... 

y 5 12 30 60 ... 
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Lyj£^ takes the values 7, 18, 30, ... for successive intervals, and 
is variable. If, however, we were to consider the range i to 4 for x, 
we could say that over this range of values of x, y increases from 
c to 60, and that the average rate of increase of y over this range 
i (60 -5V(4 -0 = 55/3. 

We are led therefore to the following definition: 

Given corresponding increments h and k in the values of x zxiAy 
for the function jy = / (^), the average rate of variation of y with x 
is the uniform rate which would give an increment k in the value of 
y for the increment h in x. 


5 , The average rate of variation over an interval has been illus¬ 
trated above by a body moving with variable speed. This is the 
speed over an interval of time, and its meaning can easily be appre¬ 
ciated. Another conception of the term “ speed*’ is that of speed 
at a particular moment of time. Suppose that the distance travelled 
by a moving body varies with the square of the time that has elapsed 
since the beginning of the motion, so that s = The average 
speed over an interval will be 


(t + 


or 2t + A/. 


{t + AO - ^ 

Giving Ai the values i, •!, *01, *001, ... we may construct the 
following table: 

Interval ^to^+i ^to^-f--i ^to^ + -oi ^to^ + -ooi... 


Average speed 

over interval 2^+1 2^ + *oi 2/ +*001... 


Now the average speed over an interval tends to become more 
nearly equal to the speed at the beginning of the interval as the 
interval is reduced. The average speed over the interval tends to 
the value 2^, and this must therefore be the value of the speed at 
the beginning of the interval. 

More generally, the average rate of variation over an interval 
tends to the rate of change at a particular point (the beginning of 
the interval) as the interval is reduced. 

It should be noted that although the value of 


{t + A^)* - 
(t+Lt)-t 
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tends to 2< as At is reduced, we cannot put At=:o at once, for we 
then obtain ^ which is meaningless in algebra. (This is what might 
be expected, for the average speed over a non-existent interval has 
no meaning.) 

Suppose now that for the function ^ = / (*) we take two 
successive values of the argument, namely, x and x + h. Then 
the average rate of variation of f{x) in the interval x to x + h 
will be 

f(x + h) -fix) f{x + h) -f(x) 

(x + h) — X h * 

which tends to the rate of change of / (x) at the point x 3S h is 
reduced. This rate of change is Aerefore the limiting value of the 
average rate of change as h tends to zero, and we must reach this 
limiting value by a process other than by direct substitution of A = o 
in the algebraic expression. 

6 . Certain limiting values may be illustrated by the application 
of the methods of elementary geometry. 

Example 1* 

Let Ahes fixed point on a plane curve and let B^AC^ be any straight 
line drawn through A cutting the curve again at Let move down 
the curve towards A so that the secant takes up the successive positions 



Fig. 13. 

B2AC2 , B2AC2 ,. Then the lengths of the secants cut off by the curve, 
namely B^A^B^AyB^Ay ...,become successively smaller. When, how¬ 
ever, the two points BA virtually coincide, the secant approaches the 
position B^AC^y the tangent to the curve at the point A. In other 
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words, the tangent B^ACn is the limiting position of the secant B^ACf 
as B moves along the curve to A. 

Example 2. 

Prove that sin < ^ < tan B. 


Let KOA be the angle 

Draw a circle with OA as radius 
and let AB be a chord of the circle. 
Draw ATyBTy the tangents to the 
circle at A and B respectively, 
meeting at T. Then evidently the 
chord AB < arc AB <AT-\- TB ; 
i.e. HA < arc AK < AT. 

. HA _arc 4 i^ ^ 

• • OA ^ radius OA ^ OA * 
or sinO <0 < tan 0 . 

From these inequalities we have 



1 , 

^ ^ sin ^ cos 9 * 

, sin 0 « 

i,e. I > > cos 9 . 

u 

sin 9 

Therefore —^ lies between i and cos 9 , In the limiting case when 9 
o 

is zero, cos 9 is i. (See Chapter i, para, ii.) 

sin 9 

Therefore when $ approaches the limit zero, —g- has i as its limiting 
value. 


7. Continuous functions. 

Before proceeding further to the consideration of limits and 
limiting values it is necessary to distinguish between those func¬ 
tions which vary continuously between two values of the argument 
and those which do not. 

If we wished to plot the curve of the function y = ** for all real 
values of x, we could give * certain values, and by substituting 
these values in the equationwe could obtain the correspond¬ 
ing values of y. It would be necessary to plot only a limited number 
of points (*, y) and by drawing a smooth curve through these points 


a8 FUNCTIONS AND LIMITS 

the graph of the function would result. Suppose, however, 
that a limitation were imposed upon the values of x, namely, that« 



should always be a positive integer. The graphical representation 
of the values of x and y would be a series of isolated points, and a 
curve could not be drawn between any two successive values of 

(*. y)‘ 

Again, consider the function jy* = (jc — i) (x — 2) (a? — 3). If y 
is to be real we have the following conditions (i) must not be 
less than i; (2) must not lie between the values x = 2 and x — 2* 
This second condition shows that while x may have any value 
between i and 2 and any value greater than 3, for real values of yy 
there is no value of y corresponding to values of x between 2 and 3. 
y is said to be discontinuous between the values x — 2 and «= 3, 
and the curve will take the above shape (Fig. 15). 

A type of function which, for a certain value of the variable, 
ceases to be continuous isy = ilx. If x be zero, the function takes 
the form i/o which is, strictly speaking, meaningless. As, however, 
ijx becomes successively greater on decreasing Xy it is possible 
to make i/x greater than any finite value, by making x sufficiently 
small. The function is then said to “ tend to infinity ** or to “ increase 
indefinitely” as x tends to zero. 

8. Limits. 

We are now in a position to give a clearer definition of what is 
meant by a limit. A simple definition is as follows: 

If y = y* ^x) and y tends continuously towards a certain value /, 
and can be made to differ as little as we please from that value by 
making x approach some fixed value a, then / is said to be the 
limiting value of f {x) as x tends to the value a. 
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This may be expressed shortly as 

Lt / (*) == /. 

For example, we have 

Lt ^ ^ = zx when / (*) = **. 

This definition is not sufficiently precise, and may prove in¬ 
adequate in certain instances. Consider for example the following 
illustration. 

sin X • • • 

The curve jy = is represented geometrically (see Fig. 16). 

For large values of x the curve becomes indistinguishable from 
the axis of x and the value oiy tends to zero, notwithstanding that, 
however large x may be, y may be sometimes increasing numeric¬ 
ally. It is obvious that the phrase “tends continuously towards a 
certain value V' does not mean “constantly increases (or decreases) 
to the value 



Now take the curve y == sin x. 


Here y does not tend to a limit as x becomes indefinitely great. 
It might be claimed, however, that y (i.e. sin x) tends to unity for 
sufficiently large values of x. If this were countered by the argu¬ 
ment that for a very large value of Xy sin x was, say, J, the reply 
might be that the value of x was not sufficiently large, and that by 



Fig. 17. 
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taking a larger value of x, sin x would differ from unity by as little 
as we pleased. The rejoinder to this would be that by taking a still 
larger value of x, sin a; could be made to differ from or zero, or 
— Jjjetc. by as little as we pleased; and so on. 

By the statement that Lt jg zero and that can be 

X-^CO ^ ^ 

made to differ from zero by as little as we please, we imply that, 
given a number, say, *01, we must be able to find a value of x such 

that, for all greater values of x, -will differ from zero by less 

X 

sm X 

than *01. In other words, the whole of the graph of =-after 

this point will be contained within the two ordinates y = 'Oi and 
y *=» — 'Oi. Similarly, if the number *001 were chosen, a value of 
X must be found such that for all greater values of x, the graph will 
be contained in the limits y = *001 and y = — *001. 

It is clear that the graph of y - -would satisfy such a series 

of tests, but that the graph of y = sin x would not. 

This leads directly to the more rigorous definition of a limit: 
Let / (*) be a function such that x lies between two fixed values 
a and b (i.e. a <,x <b) and let x' be any value of * satisfying these 
conditions. Then if / be a number such that corresponding to an 
arbitrary positive number e, a positive number 7} can be found such 
that/ (*) differs from I by less than e whenever x — x' <r), then I 
is said to be the limit of / (») as « ->■ 

It should be emphasized that the limit of / (x) as » ->■ a is not 
defined as a value of / {x), and in particular is not necessarily equal 
to / (a). It is a quantity quite dfistinct from the values of / (x) 
although it is defined by means of these values in the neighbour¬ 
hood of * = a. As a rule, the limit of f (x) as x -*■ a is required 
in circumstances in which / (a) has no meaning. 

9 . It is a simple matter to prove that the algebraic sum, product 
or quotient of the limits of any finite number of functions is the 
limit of the sum, product or quotient respectively of the functions, 
provided that, when considering quotients, the limit of the divisor 
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is not zero. The definition of a limit and these corollaries form the 
basis of the infinitesimal calculus. 

The following elementary examples are typical of the methods 
employed in the evaluation of limits. 


Example 3. 
Find 


«#* — fl* 

Lt 

x—^Ck X CL 


We may not put a immediately, for in that event the divisor will 
be zero and we shall arrive at the form §. If we divide throughout by 
a the function becomes + a® and if we \tt x-^ a in this 

sc^ _ ^3 

expression we obtain 3^*. This is the limit when x~>a of -. 

Although it should be proved that a positive number rj can be found 
such that-— is less than any arbitrary number € whenever 

X d 

X -- a <rjy it may be taken for granted that this criterion holds in all 
the examples that will be dealt with subsequently, and that we may 
proceed straight to the limit as above. 


Example 4. 

Find Lt i where nisa positive integer. 
n->ooLw J 


V 3 3 . 3 . 3 . . 3 n^(n+ lY n^ + 2n^ + n^ 

Ittr « I® + 2® + 3* + - - =-. 

4 4 






JL 

2 n 



Lt Lt Lt -+ Lt i 

n-^00^ n->oo4^ n-^co‘2n 4 

by the proposition above 

=0+0+j 

= i. 

Example 6. 

Show that Lt ^ ^ = i. 

X^l 0 (^ - 2 X+ i 


If we put x^ 1 immediately we obtain the form As in Example 3, 
we could divide numerator and denominator by jc — i and then find the 
limit. An alternative method is as follows: 

Put jc « I + A; then the function becomes a function of A instead of 
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a function of x and we have to find the limit of the new function 
when o. 

jgg -- 5 ;y + 4 ^ (i + A)^ - 5 (i -f A) + 4 
- 2;c + I (i -h A)® — 2 (i + A) +i 

^ I + 6A + 15^^ 4-~ 5 - 5A + 4 
** I + 3A 4 - 3A2 + A® — 2 — 2A + I 

^ + 15A® 4- .. . 

" A 4 - 3 ** 4 - ... 

^ I 4 - 15A4- ... 

““ I 4 - 3A 4 - ... 

and the limit of this expression when A-^ o is i. 

10. Limit of a sequence. 

Let «! 4- ^2 4 - tta 4- «4 4“ ... be an infinite series. If be the 
sum of the first n terms, we can form an unending sequence of 
values, Sij ^3 ••• -^n ••• • If Wn o w -► 00 may tend to a finite 
number. For example, the series 

I + K (i)* + (i)* + -. + = [I - miii - i) = 2 - (i)»-S 

SO that Sn, the sum to n terms, differs from 2 by the small quantity 

The larger the value of n, the more nearly the sum to n terms is 
equal to 2; the sum ^ 2 as « -► 00. 

A series of a different type is 

I 4 - 2 4 - 3 4 - 4 -f ... 4 - «. 

The sum to n terms is (n 4- i), and there is no fixed number 
to which the sum of the series tends: if n be very large {n + i) 
is very large. 

In the first example the limit of the sequence as n increases in¬ 
definitely is said to be 2, and the series is said to be convergent. In 
the second example there is no limit to the sum of the series, and 
the series is said to be divergent. 

The definition of the limit of a sequence is as follows: 

If Uj, U2, 1^1... • • • be an unending sequence of real or imaginary 
numbers, and if a number I exists such that corresponding to every 
positive number c (however small) a number k can be found such 
that Un differs from / by less than € for all values of n > A, the 
sequence f/2> ... ••• s^d to tend to the limit /as n 00. 
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The limits of algebraic and other expansions are of the utmost 
importance in mathematical work, and while it is beyond the 
present scope to examine fully the convergence or otherwise of 
even the more important series, reference to them is essential for 
the proper understanding of the calculus. 


X A* ——————— ^ 

h 

If w be a positive integer, this expression becomes 

i + «,2, + Tia^h^x”-^ +... + *»] 

= + n^iyhx”-^ + + ... + ■ 


which evidently tends to nx^-^ when A -> o. 

Suppose, however, that n be other than a positive integer. Then 
there will not be a limited number of terms, and we have 


T ^ (x + h)^ — 

io h 




This involves a double limits for the number of terms inside the 
bracket is not finite, and we are not entitled to assume that the 
limit of the sum of the terms is equal to the sum of the limits of 
the terms. 

The investigation of a double limit requires further mathematical 
analysis, and the consideration of the limit of the above expression 
when n is not a positive integer will be deferred to a later chapter. 



For all values of r it may be shown that 


lies between 



I +1 + ~+j-, + ... + 


J. 

r! 


91 


3 
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and j + 

The expression 

Lt (i -fi)" 

n->ao \ w/ 

is denoted by e, so that 

r! 


e = 1 + I + + ^, + ^ 


where 


Since, however, 


R<--n. 

r.rl 
Lt 


r->oo r.rl 

is zero, e may be considered as the sum of the infinite series 

i + i + ^! + ^l + - + fi + -- 
Again it may be shown that, if is positive, 

+ 

3 


but 


*’■+* 




< I + * + -! + -j + ... + 


and that 


=»+*+j! + fl + -+n + 


if «is not zero. 

In the inequalities above put r = i. 
Then if «is a positive fraction . 

e® > 1 + jc and < i + » + 


(2-*)- 


t.e. 


c* — I > » and < » M-, 

2 — X 

~ - > I and < I H^ , 

X 2 — X 


SO that if X be positive Lt 


— I 


= 1 . 


x->-0 X 

If * is negative we can replace .v by — y and obtain 

Lt - ■= Lt -= Lt -.-- I. 

x-t-o * »-*-o —y v-t-O^r y 
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18. We may now proceed to a more formal definition of a con¬ 
tinuous function. 

(i) For continuity at a particular value of x, say at x-^ a, f (a) 
must be a finite number (not infiniQr) and Lt / (x) must be equal 

x^a 

to / (a). 

(ii) / (x) is continuous for a given range from x = a to x = bi£ 
it is continuous for every value of x between a and b, i.e. for all 
values of x such that a <,x <b. 

(It should be noted that Lt / (x) must equal / (a) whether x 

x->a 

approaches a from the right or from the left.) 

If the criterion (i) does not hold for the point whose abscissa is 
a, then the function is said to be discontinuous at the point. 

For example, let y = i/x^ and let x pass through all values 
between jc = — i and x = i. Then at one point intermediate 
between — i and + i, namely where x = Oyy takes the value i/o, 
which is not a finite number. The function is therefore discontinu¬ 
ous at the point x o (cf. para. 7 above). 


14. Asymptotes. 

x^ 

Consider the curve y = 7- 

(x- ly 

Here y tends to infinity as x -->1, and since we may write the 

equation asy = [i ^ ^ tends to the value i when x tends to 

infinity in either direction. 

The curve is of the following shape. 


1^1 
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Discontinuities in the value of y when * = i and of x when 3;= 1 
are apparent. It will be seen that the curve gradually approaches 
inde^itely near to the straight lines x=i and y=i but does not 
actually meet them at any finite distance from the origin. 

Such lines are called asymptotes to the curve. 


Example 0. 

Find the asymptotes to the curve y 


(3a; -!)(«- a) 

(x - 3) (* + 3) * 


The equation of the curve may be written 


+ . _4 _? 5 _ 

^ + ^^3(^-3) 3 (« + 3 )* 

Then if x tend to infinity in either direction, the curve approaches 
the straight line y = 3. Hence 3; = 3 is an asymptote. 

Further, if jc is positive and greater than 29/7, the value of y is less 
than 3. Therefore, on the right the curve approaches jy — 3 from under¬ 
neath. If X is negative, on the left the curve approaches y => 3 from 
above. 

Again, from the second form of the equation to the curve, it will be 
seen that == 3 and x == — 3 are asymptotes to the curve, since the 
curve gradually approaches these straight lines but does not meet them 
at a finite distance from the origin* 


_J\ 

Y 


II 

CO 

0 

jr\ 


i / 

/ 


X 

i 





ri I 

Fig. 19. 
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EXAMPLES 2 


I. Find Lt 

x^a 




where p and q are positive integers. 


r=»n y2 

2. Obtain 2 -o and hence show that the limit of the sum when 

r—l ^ 

If-^00 is finite. 


3. Evaluate 

4. Prove that 


Lt ^ 

a; —>-0 ^ 


r ^ sin rO 
Lt —— = r. 


5. Find the limiting value of 

lx+ kx^ + mx + n 
when X is indefinitely increased. 

6. Prove that i > cos 0 > 1 — \Q^. 

7. Show that Lt ac log ixi = o and hence find the limit of sin» logjB 

a :—>0 

as x-^0. 


Find the following limiting values: 

8 , 'Lx.{x'^x^-\-a^ — 's/x/^-\-a^}. 


9 . Lt ~ (3^)* _ 

+ 36)^ — 2 (*)! 


10. Lt -\/x (V* + I — -v/*)- ti" Lt --— 

x-^i (x^ - i)i - X + 1 


12. Lt 


gOX ^ 




13. Lt tan md cot nd. 
0->O 


14. Lt jc®. 

a;->>0 


.6, Lt ‘“g (■ +:>'+a . 
„_>0 y ^{^- 2 y ) 


15. Lt (3* - «)* - (* + 
x-^a X a 


18. Show that 


1.3.5 -zn- I ^ 2.4.6 ... 2n 

2.4.6.. .2R 3.5.7 ...2« + I 

3.5.7...2« +4.6.8...2B + 2 

2.4.6.. .2n 3.5.7 ... 2« + i’ 


and that 



$8 FUNCTIONS AND LIMITS 

19. From the inequalities in Qu. 18 prove that 
Lt 


_ 211—1 

n~^oo 2 . 4*6 ••• 2n 

Lt I 


and Lt 

n-j.oo 2.4.6... 2« 

Prove also that the limit when «-► oo of the product of these two func¬ 
tions lies between ^ and i. 

vfi-l- 


U ,[.-log(. + i)-]. 


20. Evaluate 



CHAPTER III 


DIFFERENTIAL CALCULUS 

DEFINITIONS; STANDARD FORMS; 
SUCCESSIVE DIFFERENTIATION 


I. We have seen in the previous chapter that \i y =f (x) be a 
continuous function of x, the average rate of change of^' with x is 

fix + h)-fix) 
h 

or Ajy/Ajc, where Aa? = h. 

The limit of this function when the interval tends to zero 
(which we may call the rate of change) is called the differential 
coefficient of y with respect to x. If we denote this result by Z>y, 
we have 

Dyr= Lt ^yj^x= Lt L ^± f 3 ~fS^\ 

Aa ;->0 " 

and we are said to have “ differentiated y with respect to x** 

The usual notation for the differential coefficient is but for 

ax 


convenience in working alternative methods of denoting ^ are 
often used. For example, 


^; f (*). Df {x), ^ / (*), 

represent the same result. 

It should be noted that, although tiyj^x is the result of the 
division of a definite quantity Ay by another definite quantity A;», 

^ represents an operation performed on the function y, the 
operator being At this stage neither dy nor dx should be 


considered to have a separate meaning. 

The differential coefficient of y with respect to x is sometimes 
called the “first derivative’’ or the “first derived function” ofy 
with respect to x. 
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2. Before proceeding to examine the values of the differential 
coefficients of various functions, it will be of advantage to consider 
the geometrical interpretation of the operation of differentiation. 

Let BiAB represent the continuous curve y ==f {x) and let the 
coordinates of a point A on the curve be (*, y) or {x, f («)}. Let B be 
a near point on the curve whose coordinates are {x + h,f {x + h)}. 



Then it is evident from the figure that, if 0 be the angle BAK, 


tsmB==BKlAK = 


BN-NK BN-MA 
MN ~ON-OM 


f(x + h) -f(x) 

h • 


Now as the point B moves along the curve so as ultimately to 
coincide with the point A, the secant BA takes up the position of 
the tangent AL to the curve (see Ex. i of Chapter ii). The angle 9 
then becomes the angle tfs which the tangent AL makes with the 
axis of x. 

But the limit of ^ —ZW when B coincides with A is 
the limit of this expression as A -»■ o. 


Lt 


f(x + h)-f{x) . . 

h ' 


Also 
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Therefore (x) = tan 0 

=« the tangent of the angle that the tangent to the curve y —f (x) 
at the point {x, y) makes with the *-axis. 

The tangent to a curve at any point measures the slope or 
gradient of the curve at that point. The differential coefficient ofy 
with respect to x is often referred to as the gradient of the curve 
y=f(x) at the point («, y). 

It may happen that near the point A of the curve the curve is 
continuous as x increases, but that there is a discontinuity in the 
other direction—as in Fig. 21 . If we were to consider the effect 



of allowing the point Bi to approach Ai —the x coordinate of which 
is the same as that of the point A —^the value of the differential 
coefficient might be different from that found by assuming B to 
coincide with A. 

For this reason it is probably better to define the differential 
coefficient thus: 

If / (x) be a continuous function of x and if Lt 
is equal to Lt ——, then either of these limits is called 


the differential coefficient of y with respect to x. 

dv 

Another method of obtaining ^ (when it exists) is to consider 


two points 


and 


By {(*-*),/(*-A)} 

B {{x + h),f{x + h)) 
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which approach A simultaneously. By reference to Fig. 20 it will 
be seen that 

L, 

ax 2 A 

This form is of advantage when the evaluation of 
f(x + h)-f(x-h) 

is simpler than the evaluation off(x + h)—f (x). 

3. The following propositions are of general application: 

(i) If a is any constant, then ^ = o* 

This is obvious, since there can be no rate of change of a constant 
quantity. 

(ii) ^ a/ (x) = a (*), where a is a constant. 

- affx) - Lt ^(* + ^)-g/(^) 


fiii) If 


Since 


y =/(*) + <^(x) + >fi (x) + ...» 


y =/(*) + ^ («) + ^ (*) +...» 

Ay = A/(x) + A^ (x) + (x) + .... 

• Ay A/(a;) A^ («) A^ (ar) 

"A* A* Ax Ax 


The limit of this expression as Ax ->■ o is 


(iv) If y ==> «©, where k, v are both functions of x, then 

^ j. ^ 

dx~^dx ^ dx' 
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Ajy == A (uv) 

= (« + Att) (v + A©) — uv 
= uAv + vAu + AuAv. 

Ay A© . A« , . A© 

Therefore since in the limit Ajc o, m + Am will become w, 




dv . 

dx dx 


As a corollary we have, by successive applications of (iv), 


d 

3- uvw ... 
dx 


dw du dv 

uv ... — + VW ...+ uw ... ^ + .... 


(v)Ify = ?,then^ 


Now 


Ay = An = 



(m + Am) V -- (v + At;) m 
”” z; (z; + Az;) 

^z;Am — mAzj 
z; (z? + Av) * 

Am ^ ^ 

Ay_^A:» ^Ax 

Ax^v(v + Av) 

du dv 


dx 


I.e. 

when Ax o. 

Putting M == I, we have 


dy ^ dx 


dx 


d I 
dxv 


i. 

v^dx* 
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(vi) If is a function of x and a; is a function of y, then 

dx~ dy'dx' 


Since 


Lz _^z Ay 
A*” Ajy' A** 


dx~dy' dx 

when A« -»• o. 

It follows that 

^_dz dy dx ^ ^ & 

dt ~ dy'dx' du’ dv "' ds'dt* 


where f is a function of r a function of J, etc. 


(vii) 

dy 1 
dx dx* 


dy 

We have 

Ay I 
Ajk? Ajc' 

,% If ^ be not equal to 

Ay 

zero, 


* 

dx~ dx* 


dy 


Note. If more than one value of y correspond to a given 

value of X (e.g. if = sin~^ *), and/or more than one value of z to 

a given value of y, then in taking the changes in value bx, by, bz 

. . . 1 bz bz by 

we must keep them consistent in assuming that A* ~ ^ ^ 

that 


by _i_ 

bx~ bx’ 
by 


4b Standard forms: Algebraic. 

We will now proceed to obtain the differential coefRcients of 
some standard functions. 
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(i) y=s^. 

(a) n a positive integer. 

This follows directly from the proof on page 33 where it was 
shown that 

T , (* + A)” - jc” ^ , 

A-»-o « 

(p) n a positive fraction. 

Let ” “ j where p, q are positive integers. 


Then 

We have 
and 

But 


= »*’ = z, say. 


dz ^ 


dz 

dy 


= jy®-i 


from {a) above* 


dx dz'dx dz'dx 
dy 

_px^__p ^ y 

q y"^'X 

=ty=P,xa-^ 


q X q 
= nx”~^ 


(c) n negative. 

Let n = — m where m is positive (integral or fractional). 


= *” = *“”• = ■ 


.*. x'^y = I, 


and 


^ (ac’^j') = mx”^-^y + ^. 


since m is positive. 

But ac”|y = i = constant. 
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dv 

dy _ my 

" dx~ X 


dsf' 




I.e, -j- = for all values of n positive or negative, integral 
dx 


or fractional. 
For example, 




(u)y-A 


£ 

dx* 




^4* — g» e* — I 

Lt -T- = Lt —T— 

fc->0 ^ ^“>‘0 ^ 

^ I 

= c*, since Lt —r— = i (p. 34). 

ft—>>0 ^ 


Corollary; 




= a* log, a. 


For o-r-«. and 

dx dx d {x log a) dx 
= c®*°*“.log a = a* log a. 

(iii) y = log,«. 

#iog.»- Lt 

dx h^o h 

log* + log (i-log* • 


ft->-0 


Lt 

ft->0 


h I 


= Lt 

ft->0 


log(. + |) 
1 —• 


Now put - = T so that if * 4= o, Lt is the same as Lt 

^ ^ ft->0 k-^fo 
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Then 


Lt 

A-^-O 


log(l+*) 


Corollary: 


= Lt 

fc->00 


i i'. {'“e (■ + j)'} - i '°« {(‘ + D) 


^ 1 ^ 

= - log ^ . 

d , 2 


loge a' x' 


6. Standard forms: Trigonometrical. 

(i) y =» sin x. 

For the differentiation of sin x we adopt the alternative form 


Then 




h-^O 


zh 


^ T 4. {x h) — sin (x — h) 

—j— sin J—/t 


dx' 


h^o zh 

z cos X sin h 


« Lt 
*->0 


zh 


(P- H) 


T ^ sin A 
cos a: Lt , 
h 

^ ^ sin A 

cos X. since Lt —^— = i 
A^O h 


(p. 27). 


Similarly 


-J - cos X = 
dx 


sin X. 


(ii) y = tan x. 

dy ___ tan {x + h) — tan {x — A) 
dx ^^->-0 2A 


Lt (jg ~ A) — cos (jg + A) sin {x — A) 

2A cos (jc + A) cos {x — A) 

Lt _?_ 

ft_>o 2A * cos {x + A) cos {x — A) 


_ I 
cos^gc 
= sec^gc. 
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Similarly ^ cot .r = - cosec^ x. 

(iii) y = sin”^ x. 

If 3; = sin~^A?, then sin 3; = x. 

Therefore, differentiating both sides with respect to 

dy _dx 


cosy 


dx dx ** 


and 


dy 


dx COS3; ~ -y/i — x^* 

In the same manner it may be proved that 

cos~^ jc =- 7: and -y- tan”^ x =-5. 

dx Vi - dx i + x^ 

6. Miscellaneous examples of differentiation. 

Example 1. 

DiflFerentiate with respect to x: 

I * \. X 


(<*) Va® — *®, W 
(«) 


w i 




Va® — ^ ^ Va® — ** ’ 

d (a^ — ’ dx 

= — 2 a:) 

— A? 

^d{a^ -- d (a^ — 

Va^ - x^ d{a^ — x^) ’ dr 

= — 1(^2 _ — 2 x) = A? (fl* — , 

d X d I . I dir 

__ ____________ 5^ _i» ___ ^__ 

dx \/^2 — ^2 dx ^2 — ^2 ^2 — dr 

r I 


= r. 


(a® - a:®)* Va® - *® 

r* + a* — r* 


. I 


(a®-*®)^ (a®-*®)*' 


Example 2. 



EXAMPLES OF DIFFERENTIATION 49 


The differentiation can be performed at once by treating j; as the 
quotient of two functions of thus: 

“ 3* + 2) ^ (2* + 5) - (2* + 5) ^ - 3* + 2) 

(** - 3 * + 2)* 

2 {x? - 3X + z) - (2X + s) (2X - 3) 

“ - 3 * + 2)* 


— 2 X^ — IPX + 19 

“ (** - 3 * + 2)® ’ 


or, alternatively, we can split —7 —Vt 

— 3^ 4- 2 

differentiate each fraction separately; 


into partial fractions and 


dy_^ 2x -h S __ ^ 2X + s 

dx dx' — 3^ + 2 dx* (x — i) (:c — 2) 


l /'_9_ _ 7 N _ _ 9 I 7 

dx\x — 2 X — ij (x — 2)® (a; — i)® 

— gx^ + iSx — g + jx^ — 28x + 28 
(jc — 2)2 (jc — i)^ 


— 2x^ — lojc -f 19 
{x^ — 3JC + 2)2 


, as before. 


Example 8« 

,-J^. Fmd|. 

For this type of function it is useful to employ the process known as 
logarithmic differentiation. Here we take logarithms of both sides of 
the equation before differentiating and write 

logy = c®log b. 

z = logy. 

dz ^dz dy ^dl^ogy) dy 1 dy 
dy'dx^ dy ' Ibi y'dx' 

^ (c* log A) = c» log c log A. 


Let 

Then 

Also 


. dy 
" dx 


i^ = c-logclogA. 

yc* log c log A = log c log A. 


ri 


4 
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Example 4. 

Differentiate tan”^ 


Va:* — I 


with respect to x. 


^ _ d tan~^ {x^ — i) ^ d (x^ — 1) ^ d (x^ — 1) 
^ d (x^ - ir* ' d{x^ - i) ‘ 

n . . ^ I (a:® — 


‘ xy/x^. 


Example 6. 


Find ^ where y = xF 0^. 


It is important to note that ^ ^ ~ only where nh a constant^ 

and it is therefore incorrect to state that 4 - ^ x.xf^'-^. To obtain 

ax 

^ ^ we must employ the method of logarithmic differentiation. More¬ 
au 

over, y is the sum of two functions of Xy and if we are to employ this 
method we must differentiate each of the functions separately. It would 
be incorrect to take logarithms of each side of the equality as it stands, 
for if 3/ = a -f z; then log 3; ={= log a + log v. 

1 

Let y — d^-\-x^=^u-\-v. 

Then log « == log ^ and log z; = - log x, 

X 

1 du I . , . 


•• dx 


= i*®(i + log*); 


similarly 


I dv 1 1 . I 1 , . . 


Example 6. 

Differentiate iv sin x with respect to tan x. 
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SI 


d (x sin jg) _ d (x s in x) dx _ 

d tan X dx ‘d tan x 


d (x sin x) 
dx 

d tan X 
dx 


X cos x-\- sin X 
scc^x 


= X cos^ JC 4 - sin 5 g cos® re. 


7. Successive differentiatioii. 


If we differentiate dyjdx with respect to x we obtain a new 
function which is called the second differential coefficient of y 
with respect to x. By analogy with the symbolic notation adopted 
in finite differences, we write 

d dy d^y 

dx dx dx^ ’ 


where, it should be remembered, the independent variable is still 
X and not Similarly, the third differential coefficient of y with 
d^y 

respect to x is and \{y is differentiated n times with respect to 

d^y 

Xy the nth differential coefficient is . In the alternative notation 
we have 

D^yy ... D^yy 

f" W./'" w, w. 

A notation frequently employed for the nth derivative is yn. 


8 . Successive differential coefficients of many simple functions 
can be found by an inductive process. 

Example 7 . 

Find ^log*. 

y = log*; yi = i/x; = (- i).i/**; 

= (- i) (- 2). i/*®; yt = (- i) (- 2) (- 3). i/**; 

and so on. 

Therefore by induction y^ = (— i)^~i . 

3 (r 

Example 8. 

y^izx^ S)l{x^ - 3 ^ + 2). Find 

It is imperative where higher differential coefficients than the first are 


4-3 
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Sa 

required to use the second method given in Example a of para. 6, and 
to express y in partial fractions before differentiating. 


y 



yi 

yz 


9-1 , 7-1 

i)** 

9.1.2 _ 7.1.2 
(* — 2)® (jc—i)®’ 

9.1.2.3 ■ 7 >ia .3 

(jC-2)«'^(»- !)«’ 


Example 9. 

Show that if 3; be a rational integral function of the nth degree in 
then the «th differential coefficient of y with respect to a? is constant. 
If y abx + cx^ ... + 

3^1 = i + 2CX + ... + knx'^-^y 
y^^ 2 C+ ... + *«(«— i) 


and each time that we differentiate we lower the degree of the function 
by unity. Hence after n differentiations we shall lower the degree of the 
function by n. 

/. = ^ (« — i) (« — 2) ... (« — n — i) 

e= kn\ which is constant. 
d^y 

If we denote by D^y we may write D^x^=mL 


9. Leibnitz’s Theorem. 

Let Di and D2 represent the operations of differentiating u and 
V respectively, where Di operates only on u and its successive 
differential coefficients and D2 operates only on v and its successive 
differential coefficients. 

Then Duv = uDv + vDu 

- Di (uv) + D2 (uv), 

•*. -D = Di + i?2f 


80 that 
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D» S (Dl + Z)g)» 

But Z),«- i)*' M = 

d^'~^u (tv (tv 

^ dx^^ * dx^ + ... 4- tt 

This is Leibnitz’s Theorem for the successive differentiation of 
the product of two functions of «. 

10 . Application of Leibnitz’s Theorem. 

Example 10. 

lfy = x^^ find . 

dx^ 

In the general expansion above let x^ == v and a* = «. 


Then 


V = x^. 


dv 

du 

II 

H 

dx 

d^v 

dhi 

doP ~~ 

dx^ 




= ^. 


(Pv 


dx^ 

Example 11. 

If 

prove that 


and higher derivatives are zero. 
ipPeF) = x^(F + n,2x,^ + -^. 2 ^ 


= ^ (^2 ^ 2^ + n* — n). 
y *= log {(^ - i)^ + (^ 4 i)^} 


„d«„. + + 

= log {(a; - i)^ + (« + i)^}. 

.{i (X - I)-* + + I)"*} - i (*»-!)"*. 


. _ ! _ 

- I)* + (* + l)i 
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d^y dy 

Differentiate each of the products {x^ — i) ^ and ^ ^ « times by 
Leibnitz’s Theorem. 

Then (** - i)>»„+* + n.2x.y^+i + 1 ^^). 2.y„ 


i.e. 


+ ^-3'n+i + nj'n“0; 

- l) y«+2 + (2n + l) = O- 


11 . We will conclude this chapter with some miscellaneous 
examples of differentiation. 


Example 12. 

If z are both functions of x and if prove that 

^/y\ j^/^\ dz 


A fy\ JL A ^ y 

dx w ^ dx\k ) ^ * dx's/^- 

f dy , dz\ 

jy./TT^ 

dx ^/y 2 ^2 


k* dx * 


Vy^ -{■ z^ ^ y/y^ + 


{y^ + z^) 




. ( dy ^ dz\ 
V dx ^ dxi 

y/yi + 


(y^ + «*) 


-*’(>'a+*s)] 

which simplifies to 

I ( dx f . , n) X dz 
[yi + ;*«)! ^dx^ k'dx’ 


Example 18 . 

Prove that if n be a positive integer, and a and b have any values, then 
(a + i) (c + i — i) ... (a + i — » + i) 

“I-o[^1 ® (** - 0 ^ (* - i) ••• (i - ? + i)] 

where p + q^n. (Vandermonde’s Theorem.) 
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Now (««;)=S (u) (t;)J by Leibnitz’s Theorem. 

Let u = ofi and z; = jc*' so that uv = Then 
(a + A) (a + i — i)... + i — « 4 - i) 

“S j^~”^|a(a- i)...(a-j>+ i)„.(5-j+i)ai»-«j 

i)...(a-/>+i).i(i- i)...(6-?+ 

Since/) + ^ « n we may divide through by and the proposition 
is proved. 

Example 14. 

Ity -/(*) obtain ^ and g in terms of and g. 


Let . 3's. y» stand ^^^ respectively. 


(i) 

(ii) 


(iii) 


^ —JL 




d /d*\ 



[\dx 


dy \y 

\) dx V> 

~i)dy 


I I >^2 

--== — 

V >'i yi 

dy^ ~ \dy^) \ y-^) dy 

^ - iyiyz \ 

V ■>’1 

_3V-Ji7s 


EXAMPLES 3 


1. If y represent the number of gallons of water in a leaking tank 

dy 

and X the number of hours since the tank was full, what does ^ repre¬ 
sent, and is it positive or negative ? 

2 . Let X denote the annual expenditure, and y the annual receipts 
of a trading company. If ^ be positive, and be negative for a given 
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value of what inference would you draw? What additional statement 

could you make if you also knew whether ^ were greater or less than 


unity? 

3* Prove that, when b tends to a, the limit of ^ is and 

deduce the differential coefficient of y/x, 

4. If a body in motion moves a distance of s feet in t seconds what 
ds d^ s 

are the meanings of ^ and 


5. Find from first principles the first differential coefficients with 

respect to ^ of jc and 

6. (i) Give a geometrical interpretation of the differential coefficient 
of a function of x with respect to x, 

(ii) Find, from first principles, 

Differentiate with respect to x :— 

7. {a-\-bxY\ cC^\ 

8. {x + i/^)^; ^ (i — Ac)"; x^f^\ x'^ log x, 

9. log* a; log***; iqI®*; 

10. sin*;c; sinajc; cos*;k?; x^sqcx. 

11. sin-^JK?*; V;K?sin^c; tsmxtznzx. 

12. X cos”^ X ; x^ tan~^ x; sin ic (tan“^ x)'^. 

13- (S + 4*)‘‘«»; log (log*). 

14. 0* + *“; *“ + (1—*®)’"; **". 


15. tan“® 


3 ^ ■ 
1 + 4 *^’ 


* V* V COS“® *. 


16. If 


y — * V*® + a® + a® log (* + "n/*® + a®), 
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17. Show that the result of differentiating the expression 

x + i 

(x -i)(x- 2) 

as it stands and differentiating the same expression when split up into 
partial fractions is the same. 

18. Find ^ given y *= 


19. Differentiate log 



with respect to x. 


20. A ladder, ABy 13 feet long, rests against a vertical wall, having 
its lower extremity B distant 5 feet from the wall. If B be made to slide 
outwards from the wall at the rate of feet per second, find at what 
rate the upper end A will begin to slide down the wall. 


21. Find^: 
ax 




X Vx- — 

Vx^ ~ ’ 


,..v (a + hx"^)^ — 
(li) S 

{bx^)i 


22. If Sn equals the sum of a G.P. to n terms, of which r is the com- 

dS 

mon ratio, prove that (r — i) = (« — i) 

dy 


23. 3 ' = logtan-i{£,t-J- 


24. (i) Find ^ where y = x^. 


(ii) Find ^ where y ^ x\og —• 

^ ^ dx ^ 1 X 

y—. II (g -j- a^ — 

25. Prove that if x + V — y^ = a log- - -then 

diy _ y 

dx *Y/^2 - y2 

26. Differentiate with respect to log x. 


27. Differentiate tan 


,-i — I 


I with regard to tan~^ x. 


28. If f =* tan ~ differentiate the following with regard to U sin a?; 
2 

cos x\ sec* ;c; x. Express the results in terms of U 
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*-4^1 ^/a^'¥a^x+ax^ + 3 (^ .. 

29. Differentiate log ^ — a^+ax-\- x ^ — respect to x. 

30. Differentiate log^oJi? with respect to x^ and 

(i 4 - 4 - (i x^)^ 

(i + x^)i - (i - x^)i 

with respect to (i — 

31. If Vi — Ai* + Vi — * a(x-‘ jy), prove that ^ ~ >y/ 

4. 

32. Differentiate log- . ■ — . - with respect to x. 

^ ® «» - Vc**-a* 

33. Find ^ where 3/ (y + **) = a; + 

34. Differentiate (i) log sin a:; (ii) tan-^ qL"^} • 


35. Determine the coefficients Oq, a ^,... a„, so that 
^ + ,hall equal 


36. Differentiate tan"^ (sin a/x + cos ajx) with respect to *. 

37 - Ify = a^x^ -f Cf differentiate with respect to x the functions 
(i) log {ax + y ); (ii) «y, and express the results in terms of y. 

38. X = where z ^ {y — x^)lx^. Find 

39. Differentiate ef^ with respect to (i) x; (ii) (iii) 5c®. 

40. lfuiyVi,U2yV2 represent functions of x show that 

dx\jV1V2J V1V2 11 % dx Vi dxj ^ [u2 dx V2 dxj) * 

41. Find when 

42. If y «= sin (log »), prove that x^ ^ ^ ^ 

43. liy ^ ax cos > show that ^ -f- n^y = o. 
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44. Find the second differential coefficient of x{x—jQ with regard 
to log X. 

45. Show that the equation — 2m^ + m^y = c® is satisfied by 

46. — a + x\o%y, prove that, when* = o,yi = log <z and find >'2. 


47. liy = (* + Vx^ + lY, prove that (a;* + i) ^ ^ “ ®' 


48. If 


show that 


’dx^ 

A = a cos (at + fe) + i sin (« + k), 
5 = a sin (at + A) — 6 cos (at + ^), 
tPA jB* + A^ 
dB^ A^ • 


3* + 4 ^ d*v d®v I dy d*y 

49- Ify- . prove that ^ 


X • d^y 

50. y = X log the value of 


2 dx' dx^ 
d^y 
dx^ 


{y-’t) 

px-)r q 


51. Find the «th differential coefficient of _ a)(x "^^ (x — 7 j * 

52. Find the nth differential coefficient of a: (jc + i) (x^ 3x -h 2)*^. 

T-* j (x — a) (x — b) 

53. Fmd J, where 3. - 

54 . j. 

55. If jv = (x^ — i)”, prove 

(a) (at* - i)^ = 2 nafy; 


56. Ify == A (x + Vx^ - i)”* + rB (* - V** - i)*", prove that 
and that 






57, Find , where y equals 


(i)A;MogA? («>3); 


(ii) 


— 7 

3 a;^ — 2 AJ — I' 
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58. Prove that ^ 

59. Ity ■= e™ [a**® — 2«<Mf + « (« + i)], find 

60. Find the nth differential coefficient of 

61. If (log *)*, prove that ** + x = 2 («I). 


62. If jv = sin sin“^^), show that 

(i)(i 




(ii) (I - **) - (2« + 1) + (a® - n2) 0 


o. 


63. If y =s ^ ^ prove that (i — ~ = + i; and if de- 

(i - 

notes the nth differential coefficient of prove that, when x Oj 

64. Prove that, if x-hy ^ i, 

^ (^«y») = n! [y* — (ni)^y*“^^t? + (n2)^y*~^A;^ — ...]. 


65. 


Prove that, if^^ == gtan-iaj^ 

(i + = (i - - »(« - 


’djc" 




66. If n == sin (nz tan-^ x)^ prove that 

(t + **)* + ^ (2* + 2a:*) + »»*« = o, 
and thence, by use of Leibnitz’s Theorem, show that, if denote the 
value of^^ when x is put equal to zero, 

A+2 + (^”2 + m*) A„ + n(n- i)® (n - 2) i4n-2 = o* 

67. Prove that, if sin-^jy =* a-f i sin“^ a?, then, when x is zero, 

Vn+s «(«*-**) >'n- 

68. y^x^ log x. Prove that 

*Cy4- 43'8 + ^8- 43'i + y) = - aCVs- 3^2 + S^i-y)* 

69. If y + 3*®>' + 1-0, prove that (** + >'*)* + * (** ~ ” °* 
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70. If u = ks^g^^y show that the ratio between ^ and u can be 

dx^ 

expressed in the form p + qc^ + and find />, q and r. 

71. Differentiate: 

(i) sin~^ (cosec 6 Vcos 2 ^); (ii) tan~^- - -r, 

I + (i + 


72. Pr™ U.« Q’ (.-^). (?)■" (0 

73. DiflPerentiate with respect to x: 




r3 tan a; — tan® x' 

^ I ~ 3 tan® X J ‘ 


74. In the curve b^y = Ix^ — find the coordinates of the points 
at which the tangent to the curve is parallel to the axis of x. 


75. The equation to a curve is 4:^® + qjy® + i6jc — 183; — ii = o. 
Find the points on the graph of the curve where the tangent is (i) parallel, 
(ii) perpendicular to the axis of x. 


76. If ax^ + 2hocy + by^ 4- 2gx + 2fy + c ^ Oy show that 

Qtx + by+ffj^^ 

is constant. 

77. y = tan””^ [(e® 4- i)/(^ — i)]^. Prove that 

yz = j'l (i + (i + 43'i*)- 


78. If= (VX — i) show that 2 x^J^ = 


dx^ 

ax + b j ay + b , . ^ 


z 

z 


' 2 \2r'/ y 2\y/ ’ 


where accents denote differentiations with respect to x. 

dn — i)I 

80. Prove by induction that ^ {x’^-"^ log x) =« 


X 
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EXPANSIONS 

1 . It IS often necessary to express the function /(jc+A) in a series 
of ascending powers of h and of the successive differential co¬ 
efficients of / (;k?). 

It was shown in the last chapter that the function \y=/(x) 
could have a unique differential coefficient at the point x=^a only 
\iy were finite and continuous at that point and as a result we must 
be careful in dealing with expansions involving differential co¬ 
efficients that the conditions of continuity hold. 

2. RoUe’s Theorem. 

Before proceeding to obtain the general expansion oi f{x^h) 
in terms of / (^) and its derivatives it will be necessary to consider 
some simple theorems connected with the first and second differ¬ 
ential coefficients of the function. The first of these theorems is 
Rolle’s Theorem, which states that 

If f{x) and f'{x) (i.e. ix)^ are continuous over the range 

ato x^b, and if f (x) = o when x = a and when x = b, then 
for at least one value of x between a and /' (x) will be zero. 



Since f {fl) ^ f (6) =* o, / (x) cannot always be increasing or 
decreasing. Hence for at least one value between x == a and x ^ b 


rolle’s theorem 
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there will be a change from an increase to a decrease or vice versa. 
For the particular value of x for which this is so, /' (x) must be 
zero, which proves the proposition. 

That the theorem is self-evident may be seen from the diagram 
above (Fig. 22). 

If the curve represents the continuous function y—f{x) and 
if y—f{x) — o for the values x==a and x—b (i.e. at the points 
A and B), then at the points C, Z), E the 
tangents to the curve are parallel to the 
jc-axis. That is, at these points/' (^) is zero. 

It should be noted that f{x) must be 
continuous within the given range. If there 
be a discontinuity such as at the points C F'ig- 23. 

and C' in Fig. 23 there is no unique differential coefficient; con¬ 
sequently the theorem does not apply and /' (x) is not necessarily 
zero in the range. 

Since difficulties may arise in dealing with multiple-valued functions, 
it is advisable to restrict the above proof to single-valued functions of x. 

8 . Mean Value Theorem. 

As before, let / (jc) and /' (^) be continuous in the range x = a 

to X ^ b and let m = so that 

i — a 

f{b)^f{a)^m{b^a)^o. 

Replace J by jc in the left-hand side of this expression and let 
<l> (x) =f{x) -f{a) -m{x- a). 

Then obviously ^ (a) = o and we have shown that (f> {b) = o. 
Therefore Rolle’s Theorem holds, since / {x) and /' (;c) are 
continuous in the given range. 

Hence <f>^ {x) will be zero for at least one value of x {xi say) 
between a and b. 

But ^ / (x) -f{a)-m{x- a). 

Therefore {x) = /' (a?) — m on differentiating. 

Hence since (xi) = o, then /' (xi) == m. 

. J W- 



Therefore 
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This is the Mean Value Theorem, and may be stated thus: 

If f («) and/' (*) are continuous in the range * = a to * = ft, then 
there is at least one value of x {xx say) between x = a and x = b 


such that 






b a 

This is equivalent to saying that 
if y = / (;») is a continuous curve 
between the values A {x —a) and 
B(x== b)y then there is at least one 
value of Xy where a < x <by 
for which the tangent to the curve 
is parallel to the chord AB. That Fig. 24. 

is, if the tangent at this point C make an angle 0 with the x-dxiSy 

b-a ■ 



A more convenient form may be obtained for the result of this 
theorem. Since Xi lies between a and b we may write 

= a + 01 (6 — a), 

where 6 ^ is a positive proper fraction. 

The mean value theorem becomes therefore 


b a 


^f'{a + dx{b-a)]. 


or if ft — a = ft, so that ft = a + ft, then 

/(a + ft) -/(a) = ft/' {a + ^^ft); 
i.e. / (a + A) = / (a) + ft/' (a + dji). 


4 . We may extend the mean value theorem to include higher 
derivatives of / (*), thus: 

If / (»), /' (x) and /" {x) are continuous in the range * = a to 
* = ft, then there is at least one value *2 between x = a and * = ft 
such that 


/ (ft) =/ (a) + (ft - a)/' (a) + ^ (b - a)*/" (*s). 


Let 
and let 


, .f(b)-f(a)-{b-a)f(a) 

i (ft - «)* 

<l> (x) =/ («) -/(a) - (« - a)/' (a) - H* “ «)*/»• 
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Then <f> (a )=0 and (f>{b)=o; and <f> (x) satisfies the conditions of 
Rolle’s Theorem. 

Therefore for a value Xi say between x = a and x — b,<f>' (»i) = o. 
But (*) = /' (x) -/' (a) -{x-a)p, 

and this vanishes for the values a and . 

Therefore <f>" (*) = o for some value of x (x^ say) between a 
and i.e. between a and b. 

But <l>''(x) ^ f" (x) - p. 

Hence since <f)" (xg) = o, then p = f” {x^. 

... f(b) -f{a) -(b- a)f' {a) =^\{b- aYf" W- 
If as before we put a -{■ B^{b — a) and b — have 

/(*)=/ (^) + hf {a) + \hT {a + e^h). 

5. Taylor’s Theorem. 

It is evident that we can extend the above process as long as the 
successive differential coefficients are continuous throughout the 
given range, and can thus obtain expressions for / (J) in terms of 
/ {a) and its higher derivatives. 

Consider the general case, where all the derivatives are con¬ 
tinuous : 

Let 

J{b) - [/(a) + (6 - a)/'(a) + (a) + ... + /<"-« («)] 

q= (fc _ a)" 

and let 

^ (*) =/(6) -/(*) -{b- x)f {x) - (*) - ... 

-^^^P^-^'{x)-{b-xYq. 

As before ^ (a), <f> {b) are both zero. Since <f> (a:), (f>' {x) are 
continuous, (;x:) is zero for a value Xi in the given range. 

But by differentiation 

(*) = - /*"’ (*) + n(b- *)»-* q, 

all the remaining terms in the expression for ^ (a?) vanishing on 
differentiation. 


FI 


5 
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•’* iVl + ” (b-XiY-^ q = 0 . 

.*. q’= ~ -] since 6 4= »i. 

If Xi^ a + d (b a) and b — a ^ hwc see that 

/(») -/(«)+¥' (■>)+^ /" W + - 

+W + S/'"’ (» + <">)■ 

An expansion for f (x + h) in terms of / (*) and ascending 
powers of h is at once evident. Replace 6 by * + A and write x for 
a so that 6 — a=(* + A) — ac = Aas before. 

Then 

/(« + *)-/(») + ¥' W +1-'/" W + p /"' (*) + - 

This is Taylor’s Theorem. 

If in the above expansion we put * = o we have 

f(h) -f(o) + hf (o) +1^/" (o) + (o) + ... 

or putting x for h 

/(») -/(o) + »/' (0) + j/' (O) + j/" (o) + - 

In this form the expansion is known as Stirling’s or Maclaurin’s 
Theorem. 

6. It will be noticed that the first n terms in Taylor’s Theorem are 

hr 

of the form (*)• The (n + i)th term is of the same form but 
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involves a different value of the variable. This term is called the 
“remainder” term after n terms and is denoted by (*). If 
Lt Rn (») is zero, then f {x + h) can be expanded as an infinite 

n-^oo 

series, and will be convergent. We may state therefore that if 
/ {x) and its successive differential coefficients are continuous within 
the given range, then , 

/(«) + ¥' («) + -ff' W + - + 5.^1/'”-” (*) + - 
converges to the limit / (* + h), provided that Lt /?„ (x) is zero. 

n-*-co 


7 . Other forms for Rn (x). 

hn 

The form Is called Lagrange’s form of the remainder 

after n terms. 

If the denominator in the expression for q in paragraph 5 be (i — ay 
instead of (6 — a)" it can be shown that 

hn (j __ ff\n-v 

This is Schlomilch’s form. The Lagrange form follows immediately by 
putting^ = n. If we putp = i we obtain another form, 

due to Cauchy. 

8. Examples on the above theorems* 

In obtaining expansions for various functions of x it is more 
convenient to use Maclaurin’s form than to use Taylor’s. More¬ 
over, since the condition for a convergent series applies equally 
to both forms, it is strictly necessary to prove that Lt {x)y i.e. 

n-^oo 

x'^ 

Lt —i /•”> {dx), is zero before assuming that an infinite series can 
I 

represent the function. For example, on expanding (i + xy by 
Maclaurin’s Theorem different conditions arise according to the 
values of x and w, and a complete investigation of the convergency 
of the various series involves further mathematical analysis. In the 
examples that follow it will be assumed that Lt Rn {x) is zero and 

n->a> 


5-3 
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that the function in question is the sum of an infinite convergent 
series. 

Example 1. 

Expand log (i + jc + a?®) as far as the term involving of. 
f{x) = log (i + 4 - and /(o) = o, 

f (*) = 7~ +lg + = 


1 ^ 2X — 2X^ 


f" (*) - (1+7+ »2)a “ (i + * + *2) (1 + * + 


2(1 + 2 *) . - 6(1 + 2 X ) 

~ (l + X + x*)a (l + X + X*)® ’ 

By Maclaurin’s Theorem: 

/(X) =/(o) + xf (o) + ^/» (o) + ^ r (o) + 


/'"(o) = -4. 


log (1+ X + X®) 


, X® 2 X® , 

' ^ H-H ... • 

2 3 


Notes on this example: 

(i) The expansion is true only if is numerically less than unity. 

(ii) Since i 4* = (i ~ ^)/(i — an alternative method would 

be to expand log (i — a;*) — log (i — x) by algebra. 

(iii) It is simpler to differentiate products than to differentiate 
quotients. We might write 

J ^ ’ i+x + x* 

as (i + X + X®) /' (x) = I + 2x, so that /' (o) = i. 

Differentiate; 

(i + X + X®)/" (x) + (i + 2x)/' (x) = a, /" (o) = 1, 

(1 + X + X®)/"' (x) + a (1 + ax)/" (x) + a/' (x) = o, /'" (o) - - 4, 
and so on. 

(iv) For an expansion involving higher powers of x we may continue 
the differentiation in (iii) by applying Leibnitz’s Theorem, or we may 
adopt other methods, as in Example 3 below. 

Example 2. 

Prove that if x is any positive quantity 

(x + a) log (1 + x) > ax. 
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Now if 0 is a positive proper fraction, 

/(*) = (« + 2) log (i + «) — 2x, SO that /(o) — o. 

/'(o) = o, 


Let 

Then 


/' {x) = log(i + *) + - a. 


and 


(x\ = __ ^ ^ _ 

^ i-fA? ii+xf' 

But for all positive values of x this is positive, since ^ is a positive 
proper fraction. 

/. (a; + 2 ) log (I -h x) — 2X is positive when x is positive, 
i.e. (x 4- 2 ) log (i + jc) > 2 x, 


9. Formation of a differential equation. 

This method can be employed with advantage for the expansion 
of certain functions without the use of the above series. It must be 
assumed that the given function / {x) can be expanded in the form 
flo + ^1^ + ^2^"* + ••• + + ..., and if on differentiating /(x) 

a simple relation between the coefficients is evident, we can obtain 
the required expansion. It should be noted that the first one or 
two terms of the expansion may have to be found by a different 
method, such as by substitution of numerical values on both sides 
of the identity. 

Example 3. 

Expand log (i + + x^) in ascending powers of x, (Cf. Ex. i, p. 68.) 

Let 

log (i + JC + == flo + a^x -h -f a^x^ + ... + + .... 

Then by differentiating, 

I 2 X 

——jj = fli + 2^2* + 303*2 + ... + + ..., 

or 1 + 2 x = (i + X + x^) (a^ + + ... +* ra^x^-^ + ...). 

Equating coefficients of powers of x^ 


Ol= I, 

« 1 = I, 

202 + = 2, 

II 

303 + 202 + Oi = 0, 

^3 — f 1 

4«4 + 3«s + = 0 . 

II 

5O5 + 404 + 303 = 0, 

01 

il 
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and so on, the law of formation of the coefficients being 
ra^ 4 - (r - i) + (r - 2) ar-2 « o, 
except for the first two terms. 

log (i + ^ + x^) 
since <1^ is obviously zero. 






‘''4’’"s' 


Example 4. 

If jy = log (i + sin x) obtain a relation between the first three dif¬ 
ferential coefficients of y with respect to x^ and hence expand 3^ in an 
ascending series of powers of x. 


f(x)=y = log (i + sin *), /' (*) = - 




cos x 
+ sin** 
cos * 


J (i + sin*)** 


sin* 

/. /'"(*)+/'(*)/"(*) = o. 

Let /(*) = flo + + «*** + <*8*® + + ^5*® + .... 


Then /' (*) = + za^x + 303** + 434*® + + ••• > 

/" (*) = 202 +‘6as* + I2O4*® + 2006*® + ..., 

/"' (*) = 603+ 2404* + hoog*® + .... 

Now /(o) = 0, or Oq = o, 

/' (o) = 1. giving Oi = I, 

/" (o) = - I, „ 02 = - 

/"' (o) = 1. » as = i 


Since/'" (*) + /' (*)/" (*) = o, we have, by multiplying together the 
expansions for /' (*) and /" (*) and equating coefficients of *, 

4O2® + 6oi<^ = — 2404, so that 04= — 

Similarly, equating coefficients of **, 

602OJ + 12O2O, + 1201O4 = — 6005 and — 
and so on. 


log (i + sin *) 


* — 


2 "^6 12■^24”’* 


10. The series ——. 

«*— I 

* * » X 

The coefficients in the expansion of ^ are of greatlmportance 

in the higher branches of mathematics, and the method of obtaining 
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the series in ascending powers of « is an excellent example of the 
application of the above principles. 


Consider 


_*_1 ^ + 1 


X * 4 ~ I 

Let —-- = 00 + ^1* + 

2 C 1 

Change the sign of x\ the left-hand side becomes 

X + 1 X ^ + I 

-. —- or -. 

2 — I 2^—1 


. X ^ “M 
•* 2V-^I 


= Oq — a^x + a^x^ — a^x^ + — .... 


Add: then on dividing both sides by 2, we have 


jc ^ + I 

2 * ■— I 


= flo + ^2^* + ^4^ + •••> 


which shows that no odd powers of x occur in the expansion of 


X + 1 

^ • 

2 e® — I 

,, . X ,x X + I 
f W = —-J- - = -. -. 

•''' ^ — I 2 2 — I 


Then c®/ (a:) =f(x) + ix + ^xe*. 

Differentiate with respect to *: 

«“[/■(*) +/' (*)] =/' W + i + ie- (I + *). 

Similariy, on successive differentiation, 

[/" W + 2/' (*) +/(*)] =/" (*) + ie* (2 + *). 

[/■"' (*) + 3/" (*) + 3/' W +/(*)] =/"' (*) + (3 + *). 

and the law of formation is evident. 

Moreover, if we expand / (x) by Maclaurin’s Theorem, we have 

/(*)=/(o) + Xf (o) + 1 */" (o) + 1 */"' (o) + .... 

and since there are no odd powers of x in the expansion of/ (*), it 
follows that 


/'(o)=/"'(o)=/Mo)=... = o. 
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Now «*[/(*)+/'(*)] =/'(*) + J+l«*(i+*). 
so that, when x = o, 

/ (o) = i i = I since /' (o) = o. 

Similarly, by substitution of * = o in the next equation but one, 
we obtain 


^ If” (o) + 3 /" (o) + 3 /' (o) +/(o)] =/'" (o) + i ^(3 + o), 
and, remembering that /' (o) and /'" (o) are zero, we find that 

r (o) = h 

Similarly, /‘v (o) = - (o) = *, /^iii (o) = - ... 


I 


I X* 


1 xfi 1 x^ 


or 


>8—1"^2 2*^®—I ^6‘2! 3o‘4l”^42'6! 30*8!'^*** 

€*—1’”^ 2^6*2! 30*4! 42*6! 3o‘8I^**’* 

The coefficients obtained above are denoted by , B2 > > ^4 • • • 5 

these are called Bernouilli’s Numbers. 

We have, therefore, that 

V vS v 4 v® 


The expansion of 


e® ■ 


may be obtained otherwise by assuming that 


i.e. that 


€®~ I 


+ ••• + + ••• > 


* + -j + —J + ... j (flo + <*1* + + ...), 

and equating coefficients of powers of x on both sides of the identity. 


11. Differentiation of a known series. 

It can be shown that if an infinite series converges to a value 
f (*) within a given range, then the series formed by differentiating 
each term of the original series is /' (»), provided that the second series 
is convergent for all values of the variable within the given range. 

It sometimes happens that the function whose expansion is 
required is the differential coefficient of a function whose ex¬ 
pansion is known. By the application of the simple process of 
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differentiating each term of the known expansion the required 
result is easily obtained. 

Example 5. 

If log (i — ^ = — u^x — JC® — , 

prove that «„ = «„-i + «„-* • 


d 

dx 


log (i — a; — = 


1 2X 


But 


dx 


log(i 


I — X — x^" 

= — % — u^x — u^x^ — 


. 1+2^ 2 3 
* I H” 2X 

i.e.- 2 is the generating function of the series 

I ““ X X 

Ui + U^x + U^X^ + ... -f- + Wn-1^""^ + U^X^^^ + .... 

Mn - «n-l - Wn-2 = 0 > OT + M„-2 , 

which proves the proposition. 


12. Trigonometrical series. 

Let / {x) = sin x. 

Then /' (^) = cos x = sin + 2) > 


/" (;c) == cos "h ~ ^ i) * 

and the nth differential coefficient is sin • 


/(o) = o; /'(o) = sinJ= i; /" (o) = sin^ = o; 


/"' (o) = sin '2- == - * i (®) = ®i^ 2 “ ®’ 
and so on. 

Even derivatives will obviously be zero, and odd derivatives 
f I and — I alternately. 

Therefore by Maclaurin’s Theorem, 

, ie® x’ , 

and it is easy to show that the series is convergent for all values of x. 
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Similarly cos + 

This result can be obtained by replacing by a in the expansion 
for cos nO in Example ii, p. 17, and by then considering the limit of 
the expansion as It will be seen, however, that by finding the 

limit «->• 00 in the series 

cos a = (cos aftiy - n^2) (cos a/n)"”* (sin a/nY + (cos ajny-^ (sin a/n)^-... 

a double limit is involved. It is therefore simpler to obtain the cosine 
and sine series by Maclaurin’s Theorem as above. The series for tan x 
does not take a simple form: the first few terms can be obtained by divi¬ 
sion of the sine series by the cosine series, or by Maclaurin’s Theorem. 


EXAMPLES 4 


!• Prove that ^ + -1 ^ . 

2! 


a. Find the expansion of log (i + e^) in ascending powers of x as far 
as the term containing ofi. 

3. Expand (i + jc)* by Maclaurin’s Theorem as far as the term con¬ 
taining 


4. Prove that 

/(a;-f A)+/(jg-A) 
2 




5 - 


If a = /(*), show that 



xdu 1 d?u 
2 ^ ^ 2! \2/ ^ 


I /*\* d^u 

^1 W ■*■•••• 


6. Assuming that j 


■log(i + *) 
np, find the first four terms of the expansion. 


can be expanded in ascending powers of 


7. Expand f{x) in powers of as far as the term containing given 
that/(o) - I; /' (o) = 2; /" (o) = 3 and/'" (») =/(«). 


8. Prove that the first three terms in the expansion of log —-are 

€r — 1 

9. By means of a differential equation find a series for tan~i x. 


10. If tany » I + « + »’, expand y in terms of x as far as the term 
involving **. 
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II. Prove that 


it® 


/ { mx ) =/ { x ) + («-!) */' («)+(ot -1)® ^/" (*)+ 
12. Show that if =» log (i + sin *), then 


Use this formula to obtain the expansion 


> o. 


- .. V jc® aj® 

log(i + 8in*) = *--+g 
and find the coefficient of ofi. 

13. ay® «= ivy + a. Apply Maclaurin's Theorem to expand in as¬ 
cending powers of as far as the term involving ac®. 

14. If logjv = log sin X — Af®, prove that 

g + 4 ^| + ( 4 *® + 3 )>'“ 0 . 

Hence expand y in terms of x as far as the term in ap®. 

15. Prove that 

1 / , 2\ , Af® 2 Af® AP* AC® AC® A(?’ AC® 

j.... 

16. If siny = a^AC + + ... + cin^ + ••• where tan=» ac, prove 

that 

(«® + 311-1-2) a„+2 + + i) a„ + («® - 3« + 2) a„_2 « o. 

17. Show that c®cos* = -and find the coefficient 

2 3 

of AC®. 

I ~\~X m 9 

18. Expand ^ in ascending powers of ac by first forming a 
differential equation. 


19. If — Oq + <*1* + <*2*® + ••• + + ••• I prove that 

(«+2)an+a _ a„ 

«® + i n+i* 

X 

20. Expand — - as far as the term involving ac®. Use the result to 

expand ^ ^ to four terms. 

21. Prove that if ac is positive Aolog (i +ac)>ac- Jac®. 

22 . Find the expansion of sinpAc in ascending powers of ac as far 
as the term involving ac®. 



CHAPTER V 


MAXIMA AND MINIMA 


1 . In Chapter ii, para. 13, a definition was given of a function/(^) 
which is continuous at the point x=^ a. A property of such a 
function which is of frequent application in the calculus is as 
follows: 

If / (:c) is a continuous function throughout the range of values 
considered, then for values of x near the point x ^ a^f (x) has the 
same sign as / (a), provided that / (a) is not zero. 

This proposition is almost self-evident. Since, for a continmus 
function^ Lt / {x) is equal to / {a)y it follows from the definition of 

x-^a 


a limit that there is a range of values over which / (jc) differs from 
f (a) by less than € where € may be as small as we please. For any 
value of € numerically less than / (a) the sign of / (^) for values of 
X within the corresponding range will be the same as that of / (a). 

Now Itty {x) be a continuous function of x. 

Then ^ = Lt 

that ^ € where € is a small quantity whose limit as 


so 


Lx 


Lx dx 
o is zero. 


If ^ is not zero, the sign of ^ will be the same as that of 
^ provided that we take Lx small enough; if Lx the sign of 


dy 


Ly will be the same as that of Lx ^ 


Consequently if Lx is positive but -► o, Ly will have the same 

. dy 
sign as 

But Ly {x + Lx) — / (jc). 

Therefore /(^c + Lx) —f(x) will have the same sign as ^ if 
Lx is positive, but o. 
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If Aa? is positive, is greater than x; i.e. x is increasing: 

and if ^ is positive f(x + Ax) is greater than / (x); i.e. y is in¬ 
creasing. 

Therefore / (jc) increases as x increases if ^ is positive, and 

decreases as x increases if is negative. 

Similarly, if Ax is negative, so that x is decreasing, / {x) decreases 
as X decreases if is positive, and increases as x decreases if ^ 
is negative. 

Values of / (jc) at which the function ceases to increase (decrease) 
and begins to decrease (increase) are called turning values or 
critical values. 


2. Maxima and IVlinima. 

At the points where the function 3; = / { x ) ceases to increase and 
begins to decrease y is generally said to have a maximum value : 
conversely where the function ceases to decrease and begins to 
increase y is said to have a minimum value. 

It should be noted that a maximum value need not necessarily 
be the greatest numerical value of 
the function, nor need a minimum 
value be the least. For example, in 
Fig. 25, there are maxima at the 
points A and C, and minima at 
B and D, The numerical value, 
however, of the ordinate at D is 
greater than that of the ordinate 
at Ay although the function assumes 
a minimum value at D and a maxi- Fig. 25. 

mum value at A, 

The following is a more correct definition of maximum and 
minimum values: 

The function 3; = / (:») has a maximum value at the point x^ a^ 
if / (a) exceeds both f (a + h) and / (a — A) for all positive values 
of h less than a small finite quantity e. Similarly, / (;c) has a 
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minimum value when x — ay iff (a) is less than both f (a + h) and 
f {a —h) for all positive values of h less than €. 

If therefore / {a) is a maximum value of jy = / (x)y (i) as x in¬ 
creases from {a — h) to a, y increases and ^ is positive; and (ii) as 

X increases from a to {a + A), y decreases and ^ is negative 

(para. i). That is, as x increases ^ changes from a positive to a 
negative value. The criterion for a maximum value ot x ^ a is 
therefore that ^ changes sign from positive to negative as x passes 

through a. Conversely, for a minimum value ^ changes from 
negative to positive. 

Since a continuous function cannot change sign without passing 

through a zero value, we have that, for a critical value, ^ must be 

zero provided that it be continuous. 

If therefore / {a) is a maximum or a minimum value of the 
function y —f {x)y and /' (;v) is continuous, 

must be zero; 

x»a 

(ii) ^ must change from positive to negative for a maximum 
value; 

(iii) ^ must change from negative to positive for a minimum 
value. 

Example 1. 

Find the maximum and minimum values of 

y = 4^5® — iSx^ -f 24A: + II. 

^ = i2x^ - 36A? -f 24. 

We must equate ^ to zero: this gives 

i2x^ — 36A? -h 24 =* o. 
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i.c* — 3JC + 2 =* o, 

i,e. a: = 2 or I. 

These values of x give critical values to y. 

To find which of these values gives a maximum and which a minimum 
we must proceed further. 

Let rc = 2 — Aic and 2 + in turn, where Ajc is a small positive 
quantity. 

(i) = (2 — - 3 (2 — Ajc) + 2, when jp = 2 — Ajc, 

= 4 — 4A^ + (Ax)^ — 6 + 3AJIP + 2 « — Av + (Arc)®; 

(ii) = 4 + 4 ^^ + (A^)® — 6 — 3Arc + 2 = Arc -f (Arc)®, 
whenrc = 2-|-Arc. 

Now since Arc is a small positive quantity, 

[— Arc + (Arc)®] is negative 
and [Arc + (Arc)®] is positive. 

/, ^ passes from negative to positive as rc passes through the value 2. 

/. rc = 2 gives y a minimum value. 

Similarly it may be shown that rc =* i gives y a maximum value. 

The values required are therefore 

Maximum: jy = 4. i® — 18. i® + 24. i -f ii = 21. 
Minimum: y = 4.2®— 18.2® + 24.2 + ii = 19. 


3 . An alternative method for determining the maximum or mini¬ 
mum values of a continuous function depends upon the rate of 

change of We have seen that if / (a) is a maximum value, 


changes from positive as rc passes through a. In other words ^ is 


decreasing near the point, and consequently its differential co- 
d®y 

efficient, i.e. f” (^)> nniust be negative. Therefore, by the 


proposition in para, i, the sign of/" (rc) is the same as that of/" (a) 
provided that /" (a) is not zero. 

We have therefore for a maximum value at the point rc = a, 


must be negative: and conversely for a minimum value ^ must 
be positive. 
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The test is easy to apply* For example, using the same function 
as in Ex. i, we find that 

+ 2 ) “ 12 ( 2 *- 3 ). 

This is positive when x = 2 and negative when rc = i. Conse¬ 
quently X 2 gives a minimum value and x == i a maximum (as 
above). 


4. The tests for maximum and minimum values are quite straight¬ 
forward and their application to simple problems presents little 
difficulty. The following examples are illustrative of the methods 
employed. 

Example 2. 

A window is in shape a rectangle with a semicircle covering the top. 
If the perimeter of the window be a fixed length p, find its maximum 
area. 


We have first to choose an independent variable. Let BO, the radius 
of the semicircle, be x. Then since the perimeter of the figure is a fixed 
length p, 


so that 


p = 2BC + CD + AKB 
« 2 BC -h 2X + TTXy 

PC + 


The area a will be [rectangle ABCD + semicircle 
AKB], 

i.e. a = BC.CD + 

—{2 +7t)x^ + inxK 

• ^ 

•• dx" 


* P — (2 + Tt) + TTX, 



Fig. 26. 


For a maximum or minimum value 


da 

dx 


= 0, 


i.e. 


4 + TT 


It is evident that this will give a maximum value to a, for when x ' 
the area is zero. We need not therefore apply the second test. 
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Giving X the value above, 

— (2 + w) ic® H- ^ ttx ^ 

SB — 4 ^ 

4 + w 2 (4 4 “ 2 (4'+ tt) * 

Example 3. 

Given «_i = — 5; Mi = — i; f/g = 4; % =* 175; find the maximum and 
minimum values of u ^,. 

Since four values of are given we must assume that the function 
is a rational integral function of the third degree in 

Let y = abx cx^ do^. 

Then —5 = m_i==^i — — 

— 1 = Ui = CL b c dy 
4 = Mg = ^ + 2i + 4c + 8rf, 

17s = = « + 5* + 2^0 + iz^d. 

Solving these equations we obtain easily that 

M = o; i = o; — d^z. 

/. jy ==S — 3^2 ^ 

For critical values = o, 
dx 

i.e, — 4- = o, 


giving 


jc == o or I. 


= — 6 + I2A?. 


Q> Y 

When x==o, is negative, giving a maximum value; 

x=^ \y positive, giving a minimum value. 

Therefore maximum value of^^ is o; 

minimum value of y is — i. 


Example 4. 

A ladder is to be carried in a horizontal position round a comer formed 
by two streets a feet and b feet wide meeting at right angles. Prove that 
the length of the longest ladder that will pass round the comer without 

jamming is (a^ + b^)^ feet. 

In this example it is advisable to take as the variable the angle that the 
ladder makes with the wall of the street. Call this angle a. Let x be 


FI 


6 
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the distance across the corner. The longest ladder will of course be the 

shortest distance across the corner, and the problem reduces to one of 

finding the minimum value of x. Then 

X JLS = A.C “1 ” CjB 

=* sec a + J cosec a, 

dx * 

^ n a sec a tan a — o cosec a cot a; 
da 

i.e. for a maximum or minimum value, A 

a sec a tan a — i cosec a cot a = o, P . - ■ . . 

sm a , cos a I » 

or a —5- b —2“ =0, \o 

cos* a sm* a . 


from which tan a • 


Fig. 27. 


This evidently gives a minimum value to a sec a + i cosec a, the maxi¬ 
mum value being 00. 


/, sm a = 


; cos a = 


(a* + i¥’ 


cos a sm a 


on simplifying. 


6« Points of inflexion. 

It has been seen above that, for a critical value ztx —a, f (a) = o 
and that in order to ascertain whether this value is a maximum or 


a minimum, recourse must be had 
to the change of sign of /' {pc) as 
X passes through a, provided that 
f" (a) is not zero. The question 
of what happens if /" (a) is in 
fact zero now arises. Now /" (a) 
will be zero if there is no rate of 
change of /' (a). In that event 
/ («) will not increase (decrease) 
and then decrease (increase) as 
X passes through a, although 
/' (*) — o for the value x —a. /' 


Y 



0 | X 

Fig. a8. 

(*) will have the same sign for 
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the value « = a + Aa8 ior x = a —h where h is small. There is 
therefore, as a rule, no maximum or minimum value at the point 
A, and A is said to be a point of inflexion on the curve. 

In general there is a point of inflexion at * = a if /" (a) is zero: 
the exceptions depend upon the values of the higher derivatives. 

Example 5. 

Find the points of inflexion on the curve jy (i + iic®) == i. 

I + a:® * 

. _ “■ 3 ^^ 

** dx (i 4- 

Therefore for a critical value, x = o. 

2X 60 ^ “I 

which is zero when x — o ox x ^ There are therefore points of 
inflexion where x = o and ^\. 

6. We have illustrated the critical values of the function y =f{x) 
by reference to the geometry of the curve. The problem may also 
be considered analytically. 

By the extension of the Mean Value Theorem (p. 64) 

/ (a + A) = / (a) + hr {a) + 

and / (^ ~ A) = / (^) ”• M' (^) + ~ 

where 0i, 0 ^ are positive proper fractions not necessarily equal* 
Now for critical values /' (a) = o. 

Therefore / (a + A) - / («) = WF (« + *)> 

and f {a-h)-f {a) = P*/" {a - d^h). 

If h be made sufficiently small the right-hand side will have the 
same sign in both expressions. For a maximum value 

f{a + h) -f(a) and/(ft - h) -/(a) 

will both be negative. Therefore, since is positive, the second 
differential coefEcient must be negative. Similarly for a minimum 



6-2 
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value the second differential coefficient must be positive. If, 
however,/" (a) is zero we must consider a further term: thus 

/(<■+*)-/(«>+¥' w+ j,r w+ f,r' (<■+».*), 

/(<■-*) -no) - ¥ w+w - jV'" 

which reduce to 

/(« + A)-/(a) = ^j/'"(« + M), 

and f(a-h)-f(a)^- |®/'" (a - e,h). 

It will be seen that here there can be no maximum or minimum 
value if /"' (a) is not zero, for since the sign of the right-hand side 

can be made to depend upon the sign of (^)> ^^hie signs of 

/ (c -f- A) — / (a) and f (a — h) —f (a) will be different and there 
will be a point of inflexion. 

We may carry this proof further. If /'" (a) is zero, the condition 
for maxima and minima will depend upon the sign of /•'^ (a)— 
provided that (a) is not zero—and so on. In general, therefore, 
we may say that 

For a maximum or minimum value the first derivative that does 
not vanish must be of an even order: if in that event the derivative 
is negative the critical value is a maximum and if positive a mini¬ 
mum. Otherwise there will be a point of inflexion. 

It is worthy of note that if /(») is a continuous function, maximum 
and minimum values (if any) occur alternately. 

Example 6. 

Examine the critical values of y = ** — 3*® -1- 3** — **. 

y •= — 3*® -I- 3** — »®. 

/. ^ = 2* — 9*® -f 12*® — 5**. 

Equating this to zero we obtain the four values « » o, i, i, f. 

— 2 — 18* + 36** — 20*®; 
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d^y . . 

when AP « o, ^ = 2, giving a minimum value; 

^ =s o, which must be examined further; 
d^y 

^ f ^ ~ ■“ *7^> giving a maximum value. 
cPy 


Again 

when Jip =s I, 


- 18 + ^^x - 6o5p2; 

d?y 


dx^ 


= -6, 


and since this is not zero jc = i gives a point of inflexion. 


7 . In the above demonstrations it has been assumed that the 

functions concerned have a differ¬ 
ential coefficient for all values of the 
variable considered. There are, how¬ 
ever, continuous functions which do 
not have a definite derivative for 
every value of the variable, although ^ 
they may have a maximum or mini¬ 
mum value at some point for which Fig. 29. 

there is no definite differential coefficient. 

For example, there is a minimum value at the point ^ = o on 
the curve 

y = ^ > 

although there is no definite derivative at that point. When 

^ = o, ^ is infinite. 
ax 

8 . We will conclude this chapter with some miscellaneous appli¬ 
cations of the above processes. 

Example 7. 

Find the maximum value of {x — of {x — 6). 
y = {x- af (x - b), 

^ — 2 (x — a) (x — b) + (x — a)^ = (x — a) (3* — 2b — a). 

T£ dy . a -f 26 

If e o, then PC = a, or-; 

dx ^ 3 
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If 


and if 


~ =5 — 2fi - a + 3 (a? — a) =* 6^ — 26 - 4a, 

S “ 

-.u_.. 


+ 26 


= 2b— za. 


3 * dx^ 

We cannot therefore determine the sign of the second differential 
coefficient unless we know the relative magnitudes of a and b. 

If a > by x^ - ^ gives y a maximum value, 

3 

a<by x = a „ „ 

by there is a point of inflexion for the value x^ a. 

The required values of (x — aY (x — b) will be found by substitution 
of the values of x in the original expression. 

Example 8. 

Divide the number 21 into three parts dy by c in continued proportion 
such that 3a + 66 4- may be a maximum. 

Since Cy by c are in continued proportion, a:b :: 6; c, so that we may 
write a«^bk and b — ck. 

/. a =* ck^. 

But a + b + c=^ 21. 

(l + 6 + *2) tr « 21 .(i). 

We have to find the maximum value of 3a 4- 66 + 4^ or, in terms of 
c and ky of (4 4- 66 4- 36^) c. 

Let (4 4- 66 4- 36^) c ^ z .(ii). 

Then if there were one variable 6, the necessary procedure would be 
• . 

to find the values of 6 which give a zero value. But c may vary as 
well as 6, and if we differentiate z with respect to 6 a further differential 
coefficient, namely is involved. We can, however, make use of 

. . . . dc . . 

equation (i) and thus eliminate ^ from our differential equations. 

Differentiating equations (i) and (ii) respectively with respect to k, 
(2*+i)c + (n-* + *a)^-o, 

(6* + 6) c + (4 + 6A + 3**) J g =. o 
for a critical value. 
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Eliminating we obtain easily that 

3ft® H- 2ft ~ 2 o, 

so that k « —positive root giving a maximum value. 

Substituting in (i) and simplifying, 

= 14 - Vy, 

whence a =* 14 — 4 Vy, 

^ = 5 Vy - y, 

and the required value of 3^ + 6i 4- becomes 56 4- 14 Vy* 


(The minimum value, found from the value k — 
56 -14 V7). 



Example 9, 

Find the maximum value of 2 (« — ^) (:ii? 4- 4- b^) where x is real. 

In certain circumstances it may happen that a simple and straight¬ 
forward method of obtaining maximum or minimum values can be 
evolved by reference to algebra or geometry. 

For example, although by differentiating the above expression and 
equating the result to zero the required value can be obtained, a neatet 
proof results from the use of a well-known algebraic property. 

{a — xy and x^ 4- b^ are positive since x is real. 

/. (a - xy + {x^ + 2 V{a - xf {x^ + b^\ 

i.e. < 2 (a - x) 4 - b\ 

i.e. a* — 2ax 4- 4- 4- <t 2 (fl — a:) Va:* 4- 

or — 2 (a — «) jc 4- a* 4 - 2 (a — ac) 4 - 

i.e. ^ 2 {a — x){x y/x^ + b^). 

In other words, 2{a — x){x+ Vx^ 4- b^) is not greater than a® 4 - i*, 
i.e. the maximum value of the expression is 4- b\ 
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Find the maximum and minimum values, where such exist, of 


I. 


+ X + 1 
X^ — X + 1* 

S. a?*~4a?2 + 73. 


2. —h ax^ — 'ia^x. 

3 

4. **(i+ 

-1 


6 . 


(3 + *T’ 


7. - 45*^ + 40^ + 6. 8. . 

9. a? — $x^ + 8a: — 4. 10. ax + 6jy, where xy ~ c^. 

11. If iwf = find the value of x which gives u its smallest 

value. 

12. Find the maxima and minima of i + 2 sin 0 + 3 cos^ 0 . 

13. If a:jy 720 find to one place of decimals the minimum value of 


+ SJ'- 

14, Find the maximum value of 


15. Show that a:^ — + 6 jc -f 3 has neither a maximum nor a mini¬ 

mum value. 


16. Find the minimum value of 9* — 6a: log^ 3. 

17. Find the values of a and j 3 in order that a:® + + Px^ may have 

a maximum value when jc « 2 and a minimum value when a? = 3. 

18. ABCD is a rectangular field; AB is 200 yards, BC is 100 yards. 
A man has to walk from A to C. He can walk at 5 miles an hour down 
the side AB, but directly he leaves the path AB and strikes across the 
grass he can only go at 3 miles an hour. Find which is his quickest 
route. 


19. An open box is to be made on a square base with vertical sides 
out of a given quantity of cardboard of area c^. What is the maximum 
volume of the box? 


20. Into how many parts must the number ne be divided so that their 
continued product may be a maximum; n being a positive integer and e 
the base of the Napierian logarithms? 

21. A rectangular piece of cardboard, sides a, i, has an equal square 
cut out of each corner. Find the side of the square so that the remainder 
may form a box of maximum volume. 
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22. Find the length of the shortest straight line which can be drawn 
through the point {a^ b) terminated by the rectilinear axes. 

23. A man is 2 miles from the nearest point Aofz straight road, and 
he wishes to reach a point B on the road 4 miles from A, He can walk 
at 4 miles per hour until he reaches the road and at 5 miles per hour 
on the road. Find the least time in which he can reach B, 

24. Find the maximum and minimum values of y regarded as a 
function of the variable where ax^ 4* 2hxy + by^ + zcx =* o. 

25. A fixed point is taken on a circle of radius r, and a chord is 
drawn from this point to any other point on the circle. The tangent to 
the circle at the second point is constructed and a perpendicular is 
dropped from the fixed point on to the tangent. Prove that the maximum 
area of the triangle formed by the chord, the tangent and the 
perpendicular is 3 N/Jr^/S. 

26. In a submarine telegraph cable the speed of signalling varies as 
x^ log -, where x is the ratio of the radius of the core to that of the 

X 

covering. Show that the greatest speed is attained when this ratio is 
I: A 

27. A person being in a boat a miles from the nearest point A of the 
beach wishes to reach as quickly as possible a point B which is b miles 
from A along the shore. The ratio of his rate of walking to his rate of 
rowing is A. Find the distance from A at which he should land. 

28. A wire of given length is cut into two portions which are bent 
into the shapes of a circle and a square respectively. Show that if the 
sum of the areas be the least possible the side of the square is twice 
the radius of the circle. 

29. An open tank is to be constructed with a square base and vertical 
sides so as to contain a given quantity of water. Show that the expense 
of lining it with lead will be least if the depth is made half the width. 

30. Find the least value of 

31. Find the maximum area of the rectangle which can be drawn 
with its sides passing through the four corners of a given rectangle 
whose sides are a and b in length respectively. 

32. A train passes a station X at a rate of 30 miles per hour. Its 
speed increases and at any point exceeds the speed at X by a quantity 
proportional to the time elapsed since leaving X. At the end of a minute 
it passes F, 3840 feet from X. A second train passes X 8 seconds after 
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the first and travels at a uniform speed of 45 miles per hour. Find the 
minimum distance between the two trains at any time. 

33. A function^ is the sum of two functions of which the first varies 
as the cube of x and the second inversely as the square of x. The least 
value of j; is 5 which occurs when x ^ i. Find the complete expression 
of 3^ as a function of x. 

a?® ”f“ I 

34. Trace the curve v**-®-;-;—, finding the maximum and 

minimum values of y. 

35. Find the maximum and minimum values of y =» ap H—-—. 

AP "p a 

Illustrate your results by drawing a graph of the function. 

36. If AP be the independent variable find the maximum and minimum 
values of y given 

y — 12 — x^ (5^2 4- 6^ — I r= o. 

37. Explain how to discriminate between the maxima and minima 
values of/(Ap), if 

and a, by c be in ascending order of magnitude. 

38. Explain what is meant by a “point of inflexion” on a curve and 
show how to find the points of inflexion, if any, on the curve y =/(ap). 

Find the points of inflexion on the curve 



39. Draw a graph of the curve y = e”®*, and find the points of in¬ 
flexion. 

x^ 

40. Find the points of inflexion on the curve j =» ^ and illustrate 

I "T" X 

by a diagram. 

41. Prove that the triangle of maximum area inscribed in a circle is 
such that the tangents to the circle at the angular points are parallel 
to the opposite sides. 

x^ • * 

42. If —h X “ show that the maximum and minimum values of 

a 0 

+ *y + ^ are the roots of the equation 

4** — 4* (a + ft) + 3aft = o. 

43. + 6»y + 4** - 843’ - 8* + 4 =» o. 

Find the maximum and minimum values of y. 



EXAMPLES 


91 


44. Given 

logic ^ - ’ 4343 ; logic 2 - *3010; logio 3 -4771, 

find the maximum and minimum values of 

12 (loge Jc + i) 4- A?* - lOX. 

45. Draw a rough sketch of a curve 

y {2x^ + 13A? - 7) =* lox^ + 30A?, 
and find the maximum and minimum values of y, 

46. If *■ 1, find the minimum value of 35? + 43^, 

47. Find the minimum value of 

cos^ x-^-h^ sin^ x 

sin^ X cos^ X 



CHAPTER VI 


MISCELLANEOUS THEOREMS 


1 . Indeterminate forms. 

It has been demonstrated in Chapter ii (para. 8) that the limit of 
f (x) as X -»■ a is frequently required although / (a) itself has no 

meaning. Forms such as ^ which result from the direct substitu¬ 
tion of a for * in / (*) are called indeterminate forms. To obtain 
Lt / (*), where / (a) is an indeterminate form, we may resort to 

algebraic methods as previously shown, or we may adapt the 
processes of the differential calculus to the solution of the problem. 
Let <j> (x) and (x) be two functions of x continuous as far as 

the value x = a and let (f) (a) — o = tft (a), so that *8 of the 

indeterminate form -. 

o 

Let / (x) = Write a + hfor x, so that Lt is the same as 

Lt. 

A->0 

Tht^rx f M - ^ ^ + H' (a + Oj h) 

men / W - ^ ^ ^ 

But <f> (a) and <ji (a) are each zero. 

Therefore / (*) = ^ (dividing numerator and denomi¬ 

nator by h). 

Therefore Lt /(*)= Lt 7-^ = 77-7^, since when h -*■ a, 
a + 0 ih and a + O^h each -*■ a. 

To obtain Lt / («) when / (a) is the indeterminate form - we 

x->a O 

therefore differentiate numerator and denominator separately and 
put a; — a in the result. 

If (a) and p' (a) are both zero (so that the form ^ is again 
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obtained) a further differentiation must be effected and a sub¬ 
stituted for * in > ; and so on if this be indeterminate. 

V W 

2 , The following examples are illustrative of the method. 
Example 1. 

Show that Lt ^ - is i (cf. Ex. 5, p. 11). 

x-yi X® - 2JC + I ' r J / 

““ KX I A o 

—j— y takes the form - when i is substituted for x, 

— 2 X -{■ 1 o 


- 5^ + 4 ^ - 5 ^ I 


Lt 3 . 

x-^lX^-2X+l x->l2X 


2 _ 


Example 2. 


Find Lt 


sin"^ d — d 


Lt 


sin”^ 0 — 0 
03 


form - • 
o 


Differentiating numerator and denominator separately: 

I 


-7==^^:=^ - I 


Lt 

9-^0 


Vi - 


302 


form -. 
o 


Differentiating again: 


= Lt 


0(1-. 02)-| 


Lt 


0 60 
(l - 02)-^ 


, on dividing through by d, 


3 . Other indeterminate forms: oo/oo; 0 X co; oo — oo; o°; oo°; i*. 

In order to obtain the limits of functions which take these forms 
it is strictly necessary to consider each variation separately and to 
prove that we may in effect obtain the required limit by applica¬ 
tion of the calculus. It will be sufficient, however, simply to 
indicate the methods to be adopted for the solution of the problems. 

(a) The form oo/oo. 

If Lt take the form —, it can be shown that, as for the 
Lt Lt 


form 

o 
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(For a proof of this theorem, see Gibson’s Elementary Treatise on 
the Calculus, p. 420.) 

(6) Form o x 00. 

Let Lt <f> (*) tji (x) taketheformo x 00, (if) (a) = o ;0 (a) == 00). 

x-^a 

Then <j> (x) tft (*) = which is of the form and the ordinary 

processes may be adopted. 

(<;) 00 — 00; 0°; 00°; i°®. 

These forms are best treated by algebraic methods, e.g. by ex¬ 
panding certain series, by taking logarithms, etc. It is advisable 
not to adopt any standard methods for evaluation of limits in these 
examples, but to consider each one separately as it arises. 

Example 3. 

Evaluate Lt where n is a positive integer. 


Lt "S 

z-^-oo 

- Lt 
*“►00 ^ 


form — 
00 


Lt ” 


Lt ~ 

E—>00 ^ 


Example 4* 


. 5 ;', 

LIq ^ log + ^)| is of the form 


00 — 00 , 


*-> 

Write it as 


, * - log (i *) 

z-^0 ** 

form - 
0 

H I - (I + *)-l 
*-►0 

n 

L, 

*-♦-0 ^ 
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Example 5. 


Lt (i — a:2)log(l-a;). 

This takes the form o® when i Is substituted for x. 

_ 1 


Let 

Then 


(l-jc2)log(l-a;). 

Lt iog^; = Lt -r^-y—^ form 

- log(i-ac; 




— 00 


2X 


: Lt 

x->l 


— 


which, on removing the common factor —-—, is 

I ~ ^ 

Lt 


2X 


I. 


.1 I + * 

Lt y = e. 

Note, Care must be taken in applying the principles of the 
differential calculus to indeterminate forms to remember that 

(i) the method holds only when the function takes an indeter¬ 
minate form when a is substituted for x. Otherwise Lt t 4 ^ 

^ x-^a Y W 

will not be Lt ; 

(ii) the differentiation is performed on the numerator and 
denominator separately. must not be differentiated as the 
quotient of two functions of x. 


4 . Partial differentiation. 

If / {Xy y) — o defines an implicit function of x and we may 
obtain ^ by differentiating in the usual manner and then solving 

the resulting equation for 



96 DIFFERENTIAL CALCULUS 

For example, if 

+ xy +y*=‘ o, 

then 2x + y + xy' + zyy' — o, 

and y = — (2* + y)j{x + 2y). 


Where there are two or more independent variables an alterna¬ 
tive method can be adopted which is often simpler in its applica¬ 
tion. This is the method known as partial differentiation. 

Consider the function f {x,y) = x^ + + y® where x and y 

are independent variables. Then if we differentiate / (*, y) with 
respect to x keeping y constant, the result is said to be the partial 
differential coefficient of / (*, y) with respect to x ; similarly, on 
differentiating with respect to y keeping x constant, we obtain the 
partial differential coefficient of / {x, y) with respect to y. 


d d 

The usual notation is (*, y)\^f (*> y) for partial derivatives 
with respect to x and y respectively. 

In the above example ^ = 2x + y and ^ = x + 2 y. 

Generally, if u be written for / (x, y), 


, fix + ^x, y )-f(x,y) 
dx ~ A* 


and 


T t /(^.y +Ay)-/(«.y) 
dy Ay 


6 . To prove that, if x andy be functions of a third variable z, then 

du _^udx du dy 
dz~ dx dz dydz' 

Let X, y, u become x + Ax, y + Ay, u + Au respectively when 
z becomes z + Az. 

Now if we let x vary while y -|- Ay remains constant, we have, 
by the Mean Value Theorem, 

f(x -b A*,y + Ay) =/(*,y + Ay) + Ax-^f{x + B^^x,y^>t■ Ay). 
Similarly, 

0 

/(*,y + Ay) =’f(x,y) + Ay g^/(*,y + 0 ^Ay). 
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Adding these two results and dividing by Aar, we obtain 
-■_ / (« + Aar, y + Ay) - / (ar, y) 

Aar Aar 

“ aI + A^ 

Taking the limit Aar -*■ o, so that Am, Ax, Ay also ^ o. 

Am Ax Ay . dM dx dy . 

S' S' S S' S' S 

0 0 0tt 

g^/ (x + Ax, y + Ay) becomes (x, y), i.e. 

and !,/(*.>’ +^2Ay) becomes |^/(x,y), i.e. 

. du _dudx du dy 
* * dx ~ 0x dar ^ 3 y dx* 

Corollary. If x = x, so that y is a function of x, and m, although 
expressed in terms of x and y, is a function of the single variable x, 


then 


du du , dudy . dx 
dx~ dx dy dx* dx 

Suppose now that m = / (x, y) = o; then 

_ ^ ^ dy 

° ~ 9 x^ 0 y dx’ 

dy_ ^ jdu 

dx~ dx/ dy" 


I. 


dy 


This is a convenient formula for obtaining ^ when y is an 

implicit function of x. 

For example, if x® + Jiy + y® = o. 


o = (2x + y) + (x •+ 2y) 


dy 

Tx' 


.*. ^ as before, 

dx X + 2y 


6 . A further investigation of the theory of partial differentiation 
involves detailed mathematical analysis. Two important theorems 
are, however, worthy of mention: 
ri 


7 
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(i) Defining as the operation , i.e. the process of 

partial differentiation of ^ with respect to Xy keeping y constant, 
it can be shown that 

d^u _ d^u 
dxdy^ dydx* 

In other words, the operations of differentiating partially with 
respect to x and y are commutative. 

(ii) If t/ = / {xy y) is a homogeneous function of the «th degree 
in X and jy, then 

jc ^ (Euler’s Theorem). 

The proofs of these theorems are difficult, and it will be sufficient 
to verify that they are true by simple examples. 


Example 6. 

If =» y®, show that 


_ d'^u 

dxdy dydx' 


du - d^u d /du\ - -, 

5 - : aiS - a; y - 5^’+"!r-' 


* dxdy dx \dyj 
d^u d /du 


du d 

^-y'logr. 


which proves the proposition. 


= logy 4-y®“^. 


Example 7, 

Show that Euler’s Theorem for a homogeneous function of x and y 
holds for ^ ^ ^ ^ dxy^. 

It is required to prove that, if 

u *» ax? + hy^ 4- cx^y 4- dxy^y 
du du 

= 3 ew£?* 4- 2 cxy 4- dy?y 


3fry* 4* cx^ 4- 2dxy» 


then 
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du Oil 

Euler’s Theorem can be extended to any number of variables, so that, 
if tt is a homogeneous function of ... of degree «, 

. du du 

x^+y^+Z:^-{-...=:nu. 
dx dy dz 
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1. Obtain the limit when « -> oo of —:, where x is finite* 

n\ 

2. Evaluate Lt xlogx. 

x-^o 


Find the following limits: 

3 - + 

5- L. 

7 . Lt JLziiLLfe. 
I — {zx — 

g. Lt 


T fl* — I 

4. Lt 

®->o b — 1 


6. Lt + (:c — a)^] {x^ — 

a;->-a 


8. Lt 


Va;" - a” 


10. Lt (i + 

a;->0 


II. Lt (l0gacj)l08:^l-®)* 12. Lt -?, 


13. Lt (a® — i). 


15. Lt (jclog^K?)®. 

T ^ sin"“^ X — X 

17. Lt —3-. 

x-^O XT cos X 


t. Lt (±.±J 5 )lZLl±i£?. 


16. Lt 
«->o 


^ + 2 sin — 4:c 


18. An arithmetical and a geometrical progression have each the same 
first and last terms, a and b, and the same number of terms. If the 
sums of their terms are Si and $2 respectively, find the limiting value of 

- when the number of terms is indefinitely increased. 


7-2 
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19. Prove that the limit of as a? tends to 4 is £ 

20. a and ^ are positive integers. Find 

Lt 

*-^►0 

21. Determine 4, c so that, as 6 tends to zero, the functi 

6 (ab cos sin 

¥ 

shall tend to the limit unity. 

22. If ^ r cos 0 and y =• r sin prove that 

dx dr ^ 

_ = ~ « cos 0. 
dr dx 

Find the value of + 3 '^ > given: 


. .Vx — Vy 

23. 1/ « sin“^ -7=-. 

Vx+Vy 


25. 0(? log 


ry^rx 

\ly 4 - ^x* 


24. u == sin*"^ ~ H- tan”^ 


1 i* 


Gk 4. U 

27. Show that , where 

* dxdy dydx 

u = log {x^ 4- y^) — log 

28. Find ^, given + y^ + 2^ = 


29. Prove that, if ;r® + jy® 4 - sxyz = «, then 

0 tt . du , du 

*5 + ^^+’si-3“- 

30. If ue^ «® ic, find the value of 

du , du 
^ dx^ ^ dy* 


31. Prove that ^ approximately. 

Give a geometrical interpretation of this approximation. 


wifc Q 
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INTEGRAL CALCULUS 

DEFINITIONS AND STANDARD FORMS 

1. Let values of the continuous function y—f(x) be given for 
equidistant intervals, and let <f> (x) be a function such that 

fix+h)-f{x)= 4 >{x). 

Then f {a+h) -f {a) = ^ (a), 

f {a-\- 2 h)-f {a-¥h) = <j> (a+h\ 

f{a+nh)—f(a-\-n—ih) — (j> {a+n—iK). 

.*. by summation, 

f{a+nh)-f{a) = <f> (a)+^ {a+h) +... + <{> (a+n-ih). 

1 { b = a+(n — i) h yve may write this result in the form 

i<f>{x)=fia+nh)-f(a). 

a 

This gives an expression for the sum of the values of <f> (x) for 
values of x differing by the constant finite difference A. We may 
obtain in a similar manner the limit of the sum of the values of 
^ (^) when the difference A tends to zero. 

Le, = 

d« h 

Then we may write 

where 171 tends to zero as h tends to zero. 
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h <f> {a)=f(a+h)-f(a)+hrii. 

Similarly, 

h<f>(a+h)=f(a+ 2 h) -f (< 1 +A)+, 
h 4> (a+2A)=/(a+3A)-/(a+2A)+Aij8, 


(a + n— iA)=/(a+«A)—/(a+n—iA)+Ar/„. 

On summing: 

A (a)+^ (a+A) + ^ "I" ^A) +... + ^ (a +m — 1 A)] 

—f {a + nh)—f (a) + A (iji+>?a+i?8+... +ijn)- 
If the n small quantities are all numerically less than q, then 
A (iji+i?a+i73 +... +iy„) <A«ij. 

If now b—a=nh, so that the product of n and A is always 
finite, then the limit of hnq as A -*• o is zero. 

Lth(qi + q2 + qs+...+q„) = 0, whenA-^0. 

I.e. Lt A (a)+^ (a+A)+^ (a+2A) + ...+^ (a+n—lA)] 

=-f{a+nh)-f{a) 

=/(*)-/(«). 

The limit 


Lt A [<f> (a)+^ (a+A)+^ (a+2A) + ...+^ (a+«—lA)] 
A-».o 


is denoted by the symbol [ ^{x)dx and is called the definite 

i a 


integral of <f> (x) with respect to x, between the limits x=a and 
x=b. 
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Corresponding to the symbol D for the operation of differentia¬ 
tion, the symbol I is sometimes used to denote integration with 
respect to a variable. 


2. The primary consideration when obtaining the value of the 

integral <f}{x)dx is the finding of a function f{x) such that 
Ja 


dm 

dx 


= (f>{x). Where we are not concerned with the summation, 


but only with the initial problem of determining this inverse 
function, we are said to integrate (f> (jc) with respect to x. In that 
event we find the indefinite integral and write the integral function 

as I ^ (:x:) dx. In the same way as ^ represents the operation of 

finding the differential coefficient of a function of x with respect 

to Xy so j dx represents the operation of finding the integral. The 

symbol j is meaningless by itself, and we must be careful always to 

associate with this symbol the dx which renders it intelligible. 
Every function of x is not integrable, and it is only by application 
of the known properties of the differential calculus that it is possible 

to evaluate [ </) (jc) dx. 


3. Geometrical interpretation of an integral. 

Before proceeding to investigate methods of integrating functions 
of X it is helpful to illustrate the meaning of definite integration 
by reference to geometry. 

Let AB represent the continuous function y=f(x)y and let 
Po, Pn be two points on the curve whose coordinates are {a,/(a)} 
and {byf{b)} respectively, so that OM^—a and OM^ — b, Divide 
M^Mn into n equal parts each equal to h. Then nh=b — a. If 
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we complete the set of iimer rectanglesPo^i^i-^ot PiK^MiMi,,.. 

it is evident that the sum of these rectangles is 
slightly less than the area cut off by the curve, the ordinates 
P^M^f P^M^ and the «-axis. 

Again, if we complete the set of outer rectangles of which 
QqPxMxM^ is the first and is the last, the sum of 



these outer rectangles will be slightly greater than the area of the 
curve PJPnMnM^. 

Now the difference between the set of outer and of inner rect¬ 
angles is evidently the sum of the small rectangles j^o^o 
and this sum is h {PnM^ — P^M^t since the rectangles are all of 
base h. Since P« Af* — jPo Af© is finite, the limit of h (P« Af„ — Po Af©) 
as n tends to infinity is zero. In other words, as A -> o the differ¬ 
ence between the area PoP„Af„Afo and the sum of the rectangles 
PqKiMiMq, PiK^M^Mi,... P„_iK„M„M„_i tends to zero. 

But PoKx MxMo = Afo Afi. PoAf„ = hf (a) 

PiK,MiMi = M1M2 .PxMx^ hf {a + h) 




Af«-iAf,. Pn_iAf„_i = A/ (a + « - lA). 
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Area PoPnM.Afo - Lt AW = ? f{x)dx 

^->0 a Ja 

where b = a nh. 

We may therefore define the definite integral as the area of the 
curve y =f {x) between the curve, the ordinates x = a^x^b and 
the x-axis. 


4. Alternatively we may proceed as follows: 

Let PQ be the curve y =f {x) and let the area PH ML be z. If 
H be the point (x, y), so that a small increase in the length OM, 



namely MAT, may be denoted by Ax, then DN ==y + Ay and the 
area PDNL == + Az. 

It is evident from Fig. 31 that the rectangle 

CDNM = DN.MN = (y + Ay) Ax; 
the area HDNM = A^ ; 

and the rectangle HKNM = yAx. 

/. (y -f Ay) A^ > A^ > yA^ii?, 
or y + Ay > AzjAx > y, 

when Ax o, y + Ay y, since Ay tends to zero as Ax tends to 
zero. 

Az dz 

Also Lt “ :r» 





dz 


and the area z 
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The arguments in this paragraph and in para. 3 postulate a concave 
curve. Similar arguments apply to a convex curve. An ordinary curve 
having points of inflexion can be broken up into portions concave 
or convex as the case may be. 

5 . The definition of a definite integral enables us to represent in a 
convenient form the limits of the sums of certain series when the 
number of terms tends to infinity. 

Example 1. 

Obtain as a definite integral 

I . . I 


Lt r- 7 =i-= 

n->oo Lvn* — I 


a - 2^ 


+ ••• + 


-v/** - (» - i)* 


0 - 


The expression in brackets may be written as 




4“ ••• + 


n V^i — {(w — i)/w}^ * 


n Vi — {ijnf n Vi — (2/w)^ 
which is of the form 

A [/(^) +/(^ + A) +/(^ + 2*) + — +/(^ + « - lA)], 

where A ~ , a = o and f{x) is 


VI — ^ 


Lt E ** Lt E * 

n~>>ao A->0 


6. Standard forms. 

The two following theorems are almost self-evident: 

(i) I a ^ (*) die = a I ^ (*) dx, where a is independent of x. 

(ii) I (« ± » ± to ± ...) dx = !«</« ± I vdx ± jtodic ± 

where «, v, w, ... are functions of x. 

(i) follows directly from the fact that if <f> (x) = 


4 fix) 


dx 
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(ii) ^ ^Judx ± jvdx± jtodx^ =‘U±v±to± 

I udx db I vdx ± I wdx ± ... = I (« ± c ± » ± ...) dx. 

By the use of these theorems and the simpler standard results 
that have been obtained by direct differentiation of well-known 
forms, various integrals can be written down at once. 

For example, 

—j — == (« + 1) jc" or j-;— == X", 

dx ' ' dxn + 1 


Since 


d (x"*^ 


dx\n+ 1 


+ = *", where c is any constant, the in- 


definite integral J o^dx is Strictly speaking, in evaluating 

indefinite integrals the arbitrary constant should always be added 
to the result. The constant of integration will be omitted in the 
following examples, but wherever there is an indefinite integral 
the presence of the constant is to be inferred. 

d , I 

2,log«--, 

I*-log* .fli)- 

From the two theorems above it is evident that 
j (a*" + b) dx — a^xf'dx + h^dx 


*"+i 

= a -;-h bx 

« + I 


unless » is — I, 


jf^ + b^dx^aj^ + bjc 


alogx + bx 
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j^dx = (f‘ 


•(V). 


d . d 

sm * — cos X and ^ cos * ■= — sin *, 

J" cos X dx = sin jc 

J sin flf dx = — cos X 

d A 

“ see® X and cot aj = — cosec* 

I sec® * die = tan ar | 


.(vi). 


"I 


cosec^ xdx ^ cot x 


.(vii). 


d » T 

T- sm-® X •= —..- 

Vi - ** 


and ^ cos-® x = - - - , 

dx Vi-*®’ 


•••/ 


dx 


Vi - *a 


sin ^ ^ or — cos“^ jc 


.(viii). 


These two apparently different results are the same, the difference 
being in the constant of integration. Let cos-® * = o so that 

cos a -« »; then sin ^ - aj = *. 


•*. 8in~^ Of = n ^ — a 

■= n — cos“i X 
2 

= constant — cos~^ x. 

The above are the principal standard forms, and by the use of 
these forms in conjunction with methods which will be outlined 
later a large number of different forms of functions can be in- 
t^rated (see Chapter viii). 
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7 . Some simple functions that can be integrated directly from the 
standard forms are given below. 

Example 2« 


f dx 


If we differentiate tan“^ x we obtain -5-. Let us see the effect of 

a;* + I 

differentiating tan-^ hx. 


I -f 1 ^ 0 ?^ 


This is almost in the form required if we replace /s by Then 


d ^ .X I I 

tan-^ --5 -= a 

dx a x^ a 


x^ a x^ 


tan-i - = f^ -2 -t —2 

f dx I ^ .X 

I -2-;—2 = “ tan-^ -« 

Jx^ + a a 


Example 8. 

, [ dx 




We cannot immediately recognize ^^^2 differential coefficient 
of a known function. If, however, we express as 


±r_i_L_i 

za\jx — a x-\- ay 


we see at once that each of the component fractions is the derivative 
of a logarithmic function of x. 

/ i ^->'>8 (*-«). 
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“ A flog (* - fl) - log (* + a)] 


I , X — a 

log -;-. 

2a ° x + a 


Similarly 


Ja^ — 2a J\ a — X a + xj 

= ^ [- log (a - *) + log (a + #)] 


I , a-hx 

I — log-• 

2 a ^ a — X 


Example 4. 


Find J sin nOdff and J cos n 0 dO. 


Similarly 


d . . d , .d(n 0 ) 

*= cos nO.n 
= n cos nOf 

/. j cos nddd sin n 9 . 

I sin n0 == — - cos n 9 . 

J n 


Note: sin^* 0 and cos^ 6 are not immediately integrable. If, however, 
we express these functions in terms of multiple angles we can at once 
write down their integrals. 

E.g. sin* 0 « J (i — cos 20 ). 

/. j sin* 0 dd a* J(i — i cos 20) dO 

*= - J.Jsin 20 

“ “ i sin 20 . 

Again sin 3^ = 3 sin - 4 sin* 

/. sin* 0 « I sin ^ — J sin ^ 0 . 

.% j sin* 0 d 0 === J(f sin — J sin 3^) dO 

« — I cos ^ 4 - xV cos 3^, 


and so on. 
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EXAMPLES 7 

r r—a+n-i/i 

f(x)dx= Lt h S wherei = a + and 

r—a 

find from the definition the value of j xdx. 

Integrate the following expressions with respect to xi 

2 . 

4. sin:v; cos«; cosec^jc. 

6. sin2Jc; COS3JC; sec^^jc. 
o 3JC — 2 ax^ -h bx + c 


3. (x^ + ; a + bx + cx^; (x + i)-®. 

5. a^; a®+ 6; + bx-h c. 

I I ^ I 

x -h i’ (i - x)^* (aH-3ic)*' 

_I_^ x^ — x-hi 

(x-hi)(x-i)* x(x^+ij' 


10. 


\/i — x^* Vi — a^x^ 


II. Express cos ^x in terms of powers of cos x and hence integrate 


cos'* X. 


^ y _ j ^2 r ^2 

12. Integratewith respect to jy and deduce 


yll 


' (i + x)^ * 


13. Express as a definite integral the limit when x is increased 
indefinitely of 


X X -h rn X ~h zm 


+ ... + 


X -h xm 


14. Represent the sum of the series 
n , n , n 


“1“ ••• "1" » 
znr 


rfi +1^ rfi -h 2^ + 3* 

when n is increased indefinitely, as a definite integral. 

15. Express ^ 1. partial fractions and hence integrate 

the function with respect to x. 

16. Evaluate i * 

J (i - :») (i + x^) 

17. Integrate (i 4 * a?)"^ (i — x'^)-^ with respect to x. 

18. Prove from first principles that 

(a) { e^dx^ e”® — ; (6) f x^dx^\ (b^ — a*). 

Ja Ja 
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19. Prove by differentiation that log ^ is the 

tegral of ::::= . 

® y/x^ - 

20. Integrate 

(i) 2 V* - (ii) V* +1), 
and verify the result by diflFerentiation. 

^ ^ “ 57 ^ o when / =• o. 

Prove that (i) © = m + //, where « is constant; 

(ii) s —ut + \ft^ + a constant; 

(iii) zfs = ©2 __ ^2^ 

22. If is constant, show that is of the form ax^ + to + 


is the in- 


23. Find the form of Was. 

24. w and V are functions of viz. ~~ = sin ^; ^ == cos f. Prove that 

a relation of the form w* + — 2aw — z^v = y exists, where a, ]8, y 

are constants independent of f. 

{py 

25. If w* ^ = a — a?, find y when a? = za, any necessary constants 

being determined by the condition that when ^ ^ ^ y ^ a 

26. If Was = -4 + where Ay B and c are constants and 

I dL 


Ldx^ 


find 4 in terms of x. 


27. Find the value of j dty where w = sin~^ t + k» 

28. Integrate 

^ ^ {tan”^ + log V1 -j- x — log V i -- x) 
with respect to 



CHAPTER VIII 

MORE DIFFICULT INTEGRALS: 
INTEGRATION BY PARTS 

1 . Differentiation can be applied to any continuous function of 
X by the application of simple and straightforward principles. The 
inverse process of integration is at the best a tentative process and 
depends very largely on whether the function to be integrated can 
be recognized as the derivative of another function. It may happen 
that, although the function as it stands is not familiar as the differ¬ 
ential coefficient of another function of the variable, it can be so 
transformed as to be immediately integrable. A simple example 
has been given in the previous chapter, where, knowing the 

standard form |(i + dx, we can derive at once the integral 

of (a® + with respect to x. 

The integration of more complicated functions is largely a matter 
of practice. There are, however, certain standard methods of 
attack, which, although they may not invariably produce the 
required result, can often be applied with success to the solution 
of the problems of integration. 


2. The method of substitution. 

Let us consider the problem that is denoted by jydx. In the 

first place, the dx shows that the independent variable is x. 
Secondly, y is a function of x such that if we know, or can find, z, 
another function of x^ whose derivative with regard to x isy, then 
z is the required value. 

Put shortly, if 

^ = then jydx = «. 


A familiar example is 


(n + i) 


FI 


dx 


8 
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dx [n+ I 




so that if = *", then 

f V dx = -^ 

J-' «+ I 

Suppose thaty is a more complicated function of *, say (a + A*)". 
We do not immediately recognize dx, and it is necessary to proceed 


further. 

Let z — a + bx. 

Then 

- dy _dy _^dyi 

d'z^dxJz'^dTxy 

If therefore we replace the independent variable x by the new 
variable ar, any differentiation with respect to x becomes a differ¬ 
entiation with respect to z by the simple process of dividing by 
the constant b. 

The integral ^ydx may therefore be written as Jjy rfarj , and, 
since y ^ {a + bxY = 


^y dx — ^{a + bxY dx = ^ s^dx 


6 « + I 


6 n 4- I 


(a + 


This is an example of the method of substitution. 

Again, to evaluate ^y dx where y is the function • 


let 


z « cos X. 
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Then 


dz 


• ^^ ^ r 11 

dz^dxdz^dxY sin^J* 
Therefore, as above, [y dx becomes 



1 - 


I +z 


= - log (i + z) 

“ — log (i + cos x). 

When applying the method of substitution it is customary to 
shorten the initial process. If the substitution is ar = cos x, we 
write, instead of 

dz 

the relation dz ^ sin x dxy 


so that in the integral we may immediately replace dx by 


sin Atr 


dz. 


In general, if the substitution is f {x) == <j> (y), instead of writing 

/' (^) = (y) ^ we write immediately /' (jc) dx = <f>' (y) dy. It 

will be observed that the process is to differentiate each function 
with regard to the variable in which it is expressed, x^y or z for 
example, and then to multiply by dx, dy or dz as the case may be. 
The expressions /' (jc) dx, (y) dy,... are termed differentials of 
f (x), if> (y),... respectively. 

8-a 
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For the purpose of integration this procedure should be looked 
upon simply as a convenient means of passing from one variable 

dz 

to another, and not necessarily as a splitting up of the ^ into two 
parts dz and dx. 

We may consider the problem from another point of view. The 
definition of a definite integral is the limit of (x) between and 

x^ b — h^ssh tends to zero. Since h denotes a small increase in the 
value of the variable, we may equally well write the integral as 

Lt S (f> (x),^x = Lt (d) + A^) Aa! + ••• 

Aaj->-0 sr-a Aa5->-0 

+ <f>{b — A*) A*], 

or / ^ {x) dx, where the Ax is the s ma ll increase in the value of x 
Ja 

which tends to zero. 

The method of substitution is then as follows. If, as in the second 
example above, 

z == cos Xy 

then Az *= cos {x + Ax) — cos x 

= — 2 sin (a? -f- iAx) sin jAx. 

Now Lt — sin (x -f |A;c) = — sin x, 

Ax-^O 

j T ^ sin iAx 

and Lt -r-f— « i, 

Ax->0 

Lt ^(*)Aar= Lt {— 2 sin(x +iAx)sin^Ax.^(x)} 

A«->-0 Ax->0 

— 2 sin A? Lt ^ (a;) ^Ax 

AX-^O 

*= — sin a; Lt (a;) Ax, 

AX-^O 

Lt ^(x)A*— r—Lt ^(*)Aar, 

L sinxj4s-»-o 

which gives the same result as that found above. 


3. Ify = / (x), then ^ (y) = ^ {/ (x)}, and if/' (x) denote, as usual, 
the differential coefficient of / (x) with respect to x, then 

i.e. <l>{y)dy = <l>{f{x)}f'{x)dx, 

so that (y) {/,(*)} f (*) dx» 
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Now on the right-hand side the integrand is the product of two 
functions, <^ {/ (jc)} and/' (^c). If we associate/' {x) with dx we have 
(i) a function of Xy namely <f) {f (:c)}, and (ii) /' (;c) dxy which is a 
differential. It is evident therefore that if it is required to integrate 
an expression consisting cf the product of two functions, one the 
differential of a known function / (;c) and the other a function of 
f {x)y the substitution f (x) = y will reduce the integral to the 

simpler form | <f> (y) dy. 

It must be noted, however, that if the product is to be simplified 
in this manner, both conditions must be satisfied. The form of 
substitution is frequently determined by the recognition that the 
expression to be integrated contains /' (jc) dxy the differential of 

f (*)• 

For example, consider the integrals 

[ xdx f x^dx [ V i + x^ ^ 

JvTT^’ JVTT^^ J ^ • 


i hese may 


—xdx; f-y-f— j^xdx; [ 
J Vi + ’ J Vi + ’ J 


VI + 


X dXy 


and it is evident that each of the expressions consists of x dx (the 
differential of \x^) and a function of \x^. The substitution of y foi 
x^ will therefore simplify the process of integration for all three 
examples. It will be observed that this substitution is suggested 
partly, if not wholly, by the presence of x dx. 

Again, consider 



j* x^dx 

r VI + «* 

JVl+X^ 

jVi + ** ’ 

J 


dx. 


It will not help to write these in the form J (f> dxy as the 

required xdx is absent. The substitution y == x^ will not therefore 
simplify the integrals. 


4. Further examples of substitution. 

It does not follow that any integral can be evaluated by a simple 
substitution nor indeed that the simplest substitution is the best. 
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The examples given below are merely indicative of the methods 
to be employed: they are not necessarily of universal application. 


Example 1. 


The substitution is 




We have 


dz « bdx and » «' 




Cz^ — zaz 4- I 


*= ^ [^ / z^~^dz -- za Jz^-^dz + a® Jz'^dzJj 

„ ^ r_J[— ; 2 ^ 3 -^ — 2a — 

— n z — n i~« J 

If a is a positive integer greater than 3, this result is more conveniently 
written as 


^ I r I_ za __fl* “I 

6® L(w — 3) {n — z) z^-^ {n — i) ’ 


where 


z ma + bx. 


The above method can be applied to any function of the form 
( a + F xy * iw is a positive integer. It is easily seen that the 

j ft21 —- clY^ 

integral will be ^ - dz. By expanding the expression in 

brackets by the binomial theorem and integrating each term separately, 
the result follows. 


Example 2. 


/ zxdx 


The facts that zxdx is the differential of x^ and that the remainder 
of the integrand is a function of x^ suggest the substitution or, 

better, 1 ^ x^»>y* 
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Put, therefore,i + so that dz *= 2xdx. 
Then 



This is an example of a general proposition. Where the numerator 
of a fraction is the derivative of the denominator, the required integral 
is the logarithm of the denominator. 

In other words: 

’ dy 

^dx^^logy. 

For example. 


y I + cos jc 


d{i + cos x) 
dx 

I + cos X 


dx = log (i + cos x). 


(Cf. para. 2 above.) 


Again, 


/■ 


cotxdx 


J sin^v 


' d sin X 
dx 
sinx 


dx = log sin X. 


Example 3« 


■ de 

sin 


Now 


Put 


sin 0 = 


2 tan ^9 

I + tan^ ^9 ’ 


(Chap. I, para. 16.) 


I + tan^ ^9 


2 tan 


d9. 


••• 

t »= tan ^ 9 , 

dt^\ sec2 \9d9 = Hi + tan^ H) ^9. 
zdt 


d 9 ^ 


I -h tan* H * 


- _ r I + tan* H _, 

• • j 2 tan H I + tan* H" 


f di _ rrft 

J tan ^9 J t 


= log t 
■■ log tan 
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Corollary: 


Example 4^ 

Method (i). 


where 

Method (ii). 
Then 
or 


/; 


_ f_JL— 

cos d J sin {^TT — 0) 

- log tan ^ ( Jtt - 0 ) 

■ — log tan (Jtt — ^0) 

1 tan ^TT — tan ^0 
I + tan Jtt tan 

I — tan i0 


‘ - log 
• log 


I 4- tan 1 
I + tan ^0 


(since tan *- i) 


I ~ tan 1 


f dx 

J Vx^ + 

Put atsin a, so that dx = a sec® ada. 


I Vx^ • 




. a sec® a da 


• I —r-- O SCC® ada 

J Va^ tan® a + a® 

■h 


: a sec® ada 


V tan® a -f I 
Jsec ada (since tan® a + i =» sec® a) 


fcos a 


"" log j |a (from Example 3 above), 
tan a » xja. 

Put ViC® + fl® « X — 

4f® -f ^2 as jS:® — 2ZX + x\ 

— 2ZX. 

,% o » zzdz — 2 zdx — 2 xdz\ 
dx^^^dz. 
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7.1 

JVx^ + a^ J x-x z J z 


dx 

-= \ogz 

= log (x + Vx^ + a^). 

This result is the same as that produced by the first method. For, if 

x/a = tan a, 

log (x Vx^ + = log (a tan a + Vtan^ a + a^) 

= log a (tan a 4 - sec a) 


= log a + log| 

sin a ^ l 1 
cos a cos a) 

, . sin a + I 

= log a + log- 

® ^ cos a 


r 2 tania 

= log a + log - 

I 4 - tan^ 4a ^ ^ 

I — tan^ 4a 
^ I + tan* la , 



= log a + log ; 

I 4- tan 4a 

I — tan 4a ^ 


which is the solution given by Method (i), since log a is a constant, and 

the result of differentiating 

, I + tan 4 a - 

log-:—f' + log ^ 

^ I - tan ^ 

is the same as that of differentiating 

, I + tan 4 a . , . 

log — + ^oy arbitrary constant. 

Method (iii). Put jc = i/y in order to obtain an odd power of y out¬ 
side the square root. 

Then dx=^ — (i/y^) dy, 

x^ + = i/y® -f =* (i + cfly^)ly^. 

/v«- + «• "/vi + oM (~ i)'*’ 


•/. 


— dy 


yVi + a^y^ 
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To eliminate the square root, put i + =- «*. 

/. za^ydy =« 2zdzy 


and 


since 


r ~ zdz _ C — dz 

J a^y^z ■" jar® - I * 


(^_i) 


On integrating and substituting, first for z in terms of y, and then foi 
y in terms of jc, we have 

j 1 I + a® 4- X 


which is easily seen to be log (Vx^ + fl® + x) — log a on multiplying 
numerator and denominator of the fraction by Vac® + a® + x. 
Corollaries: 


(i) + 

[ _ _Jbe _^ f _ ^ _ 

J V{X'-a) {x — b) J Vx^ — {a + b) X + ab 

_ f _ dx _ 

« log{AC - ^ (a + i) + V(ac - a) (x - A)} 

*»log |{(ac — a) + (ac — A) -h 2 V(ac — a) (ac — A)} 
= log (VAC — a + Vac — A)® — log 2 
= 2 log (Vac — a + Vac — A), 
disregarding the constant of integration. 


Example 6. 


‘ dx 


- ^ is not recognizable as the derivative of another function of ac. 
We proceed therefore to express it in partial fractions, 

I I I I 2 — AC 




i + Ac® 3i+jc^3i—^cH-AC‘ 


v2* 


h 


f dx 

Jr+x 

2 — AC 


— AC + AC® 


= log (i + Ac) at once. 
dx needs further investigation. 
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Now if the fraction were of the form 

dfjx) 

dx 

/(*) ’ 

the integral would be log/(ji?). Here 

/ (;c) = I — + Jc® and = — i + 2«, 

which is not the numerator in the given integral. If, however, we express 
the numerator thus: 

2 - A? = - J (- I -f 2^) + I, 

the integral becomes 

/_l(iL±i£U+rt-L_J,. 

J 2\i-x + xV Jzi-x + x^ 

The first of these is — ^ log (i — + x^)^ and the second may be 

written in the form 


This is of the form 


fl _!.., 

J2(x-if + {V~3l2f 

Iz x^ + 


the integral of which is 


la aj 


. (3 _£ 


(x - i)* + (V 3/2)* 2 V3/2 V 3/a 


The complete integral is, therefore, 
dx 1 f dx I fi - 1 ■¥ 2 x , 


f dx f dx I ri-i + 2 x, if 2 * _ 

Ji + x^’^sJi + x 3 J 2 i - X + x^^ 3 J 2 (x - + (A/3/2)** 

= ^ log (i + *) - I log (i -* + «*)+ ^ tan-* • 


Example 6. 


/ j^n 

-> dx, where n is an integer. 

V** + a* ® 


From a consideration of the illustrative examples in para. 3 (p. 117), 
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it will be seen that if n is a positive or negative odd integer, the integral 
can be simplified at once. 

Let n be 2m + i. Then the integral becomes 




and consists of the differential of namely xdx, and a function of ^x^. 

The substitution ^x^ =» y, or, better, jc® + a* = jy, will therefore simplify 
the integral. 

When n is even it will be found that, in expressions containing 
Vx^ ± a*, the substitution x i/y has the effect of changing the index 
of the term outside the radical from an even number to an odd number. 

Let n be 2m. The integral becomes 


Put X — i/y, so that <£»=(— i/y^) dy. 


y2m Vli/y^) + y^ ^ 


J j;2m+l -y/ j _j_ * 

and the index of being an odd integer, the substitution i + a^y^ = 
will now be effective. 


Corollary, Since 


ax^ + bx + c = a(x^ + -x-{--^ 
\ a aJ 


(=-£=)]• 


which is of the form a {x^ + k^)y we may integrate by the above methods 
functions of the form 

_ jg” 

^/ax^ bxc 

6 . Forms of integral which can be evaluated by the application of 
general methods are those involving irrational expressions of a 
simple linear or quadratic type. 

Type (i). 

I"__ 

J (* 4- a) y/x + b’ 
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Since the only consideration is the elimination of the radical, 
put V* +& = sr, so that x = — b. 

Then dx = zzdz. 


i.e 


dx 


dx , 
= — — dz. 


zVx + b 2a; 
and the integral becomes 

zdz 


f zdz r 
}x + a~} 


a;® + a — 6’ 


which is immediately integrable. 
Corollary. The form 

+ a) dx 


I (x + c) Vx + b 

is evaluated by writing the integral as 


f 


■ + 


a — c 


Vx + b (x + c) Vx + b 




The first integral is a standard form and the second is of Type (i) 
above. 

Type (u). 

f - . ■; (c positive), 

J (x — k) Va -h 2 bx + cx^ 

Several methods are available here, the procedure depending 
upon the particular substitution adopted. We may consider either 
the quadratic function or the linear function as suitable for the 
substitution, but in neither case is the process immediately obvious. 


(a) Let 
Then 


or 


Va + zbx + cx^ = z — xVc, 
a + zbx + cx^ = z^ — zzx Vc 4- cx^, 
a + zbx = — zzx Vc. 

/, zbdx = zzdz -‘Z^c {zdx + xdz\ 
X Vc 


dx = 


b + zVc 


dz. 


and 
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The integral is therefore 

[_L— 

1 (x — — X 


— X Vc 


(x — k) {z — X Vc)b + g Vc 

^ f dz _ 

J (b + z Vc) (x — k)* 

and, since a + zbx = a* — 2 zx Vc, 

z* — a 

^ =E= -- 

2 (z Vc + b) * 

so that the integral takes the form 


dz 


dz 

^{b + zVc) 

z^ — a 

.2 (z Vc -\-b) 

_[ 

2dz 

J z^ — a 

— 2k {z Vc b)' 


which is of the simple rational form 

f dz 


(b) Let 
then 


Jz^ + Cz + D' 

x — k = -, or * = « + -; 
z z 

dx = — ^dz. 
z^ 




dx 


Va + zbx + cx^ 


I 

-5^ 


T 

dzy 


- VAz^ -h Bz + C 
z 

where Az* + Bz + C ^ (a + zbk + ck^) z^ + 2k{b + c)z + c. 

dz 


■■ ^--j 


VAz* + Bz + C' 
which is immediately integrable. 
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For further information on the subject of these integrals the student 
is advised to read Williamson, Integral Calculus^ Chapter iv. Another 
general method will be found in Henry, Calculus and Probabilityy where 
the required substitution is obtained by putting one of the constituent 
functions of the expression equal to The index r is then determined 
so that the integral can be evaluated by known processes. 


6. Integration by parts. 


Since 


dx 


/ \ 

{uv)^u^^ + v 


du 

dx 


we may derive an expression for the integration of the product of 
two functions of x. 

For, integrating both sides, we have 


or 



Replace uhy U and let ^ ^ | Vdx. 


Then 


j UVdx=u\^ 


UVdx=U\ Vdx-^{^ 


I VdxJ 


dx. 


If therefore 




UVdx. 


is integrable we can at once find the 


In words the formula may be written thus: 

The integral of the product of two functions of :c=(the first 
function X integral of the second)—the integral of (the differential 
coefficient of the first x integral of the second). 

A few simple examples will show the application of this process. 


Example % 
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The point to consider at the outset is which of the two functions should 
be taken as “ the first function” and which “ the second.” Take x as 
the first function; we are to differentiate the first function and the 
differentiation of x will produce a constant. 

j xeFdx ^ X J fFdx — J j ^dx^ dx 


Example 8. 


’ — j e^dx 

^x log xdx. 


xe» — eF. 


We must choose log x bs the function to be differentiated, for if we 
take X as the first function we shall have to find the integral of log x — 
which is not apparent. 

jxlogxdx = logx jxdx — j^jxdx^^ dx 


-jlogx-jljx 


7 . The method of integration by parts is useful even where we 
have to integrate a single function of x. We may treat / (*) as the 
product of two functions, one function being / (x) and the other 
unity. 

Example 0. 

j tan~^ xdx. 

Let the first function be tan~^ x and the second function i. 

Then 

jtaar^ xdx — j tan-^ x. xdx 

■» tan“^ X j xdx — j (tan-^«) j xdi^ dx 

-= tan”^ x.x— j~ ^ ^ xdx 
•m X tan"^ * — I log (i + **). 
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Example 10. 


JVx^ + a^dx» 

As above 

jVx^ H- a^dx — IVx^ -{■ idx 

=s V jidx — + a* lidx^j dx 

= Vi^T^.:c - dx 

J IV 

=a Vx^ -h a^*x — fVx^ + a^ dx f 

J y V + a* 

/, zJVx^-h cfidx — xVx^ -j- ~h a^J 


dx 


dx 


Vx^ -{- a^ 

== X 's/x^ -{- a^ + a^ log {x + y/x^ a^), 

/, J y/x^ -{■ a^dx — ^ {x y/x^ -{■ a^ -{- log {x + y /+ a^)}. 

This example is instructive in that the process of integration by parts 
does not immediately give the required result. When we have performed 

the necessary operations we are left with jy/x^ + a^dx on both sides 

of the identity, and we have to clear the right-hand side of this integral 
before the answer is obtained. 

A somewhat similar process is necessary in the evaluation of the 
following important integral involving trigonometrical functions. 


Example 11. 


je^ sin X 


dx. 


Here it is immaterial which function is chosen as the first function. 
Take ^ as the first function: then 


FI 
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sin xdx = e* Jain xdx — ^Jsin *<£*1 dx 
— e* cos * + Jfi* cos *<£». 


TTiis does not immediately give the required result. If, however, we 
consider Je' cos xdx and integrate by parts, we obtain a further equality 
which enables the integral to be evaluated. 


jfF cos xdx = eF Jcos xdx — ^ cos xds^ 

« e® sin a: — sin xdx. 

Let 

jeF sin xdx = 5 , 

and 

Je* cos xdx = C. 

Then 

S ^ — eF cos jc + C, 

and 

C = ^ sin — 5 , 

or 

5 — C == — cos jc, 

S + C ^ ^ sin X, 

Hence J 

sin xdx = iS = (sin x — cos x)^ 

“d J 

cos xdx = C = (sin x -f cos x). 

8 . Reduction formulae. 


It has been shown in the preceding paragraph that, in certain 
instances, integration by parts may not produce the required result 
immediately; another stage must be reached before the integration 
can be effected. It is often possible, however, to relate an integral 
to one or more integrals of similar form, so that by proceeding 
successively the original integral can eventually be obtained. If, 
for example, we are required to integrate , where «„ is a function 
of X involving *" and lower powers (« being a positive integer), it 
may be possible to relate the integral of the function to the in¬ 
tegral of u„_i. The formula connecting these integrals is called a 
“reduction formula.” Reduction formulae are of importance in 
the integral calculus, and their use often leads to the evaluation of 
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integrals which could not otherwise be obtained. For the purpose 
of illustration it is unnecessary to give more than a few elementary 
examples of the application of these formulae to indefinite integrals. 
It will be seen later (Chapter ix) that the process may be adopted 
to greater advantage in considering problems involving definite 
integrals. 


Example 12. 


xeFx^dx. 


“n *= je^x^dx — ^ jnx^-^e^dx 

== x^^e^ — 

Similarly = x^^^e^ — (« — i) 

and so on. 

The integral can therefore be made to depend upon the value of Mqi 
i.e. on j e^dx. 

Thus j e^x?dx = 3 J ef^x^dx^ 

JeFx^dx = x^e^ — z Je^xdx, 

J eFxdx = x^ — Je^dx 




/, J*fFy?dx = — 3 \x^^ — 2 {x^ — e^)] 

=s -f 6;c — 6). 


Example 13. 


where n is odd. 


Jtan” ddOf 


tan” 0 «= tan””20 tan^S = tan”"*^ (sec^^ — i). 


To evaluate 


•. J tan” ddS « j tan”“2^ sec^OdS — j tan”~2 0 d 9 » 
te 

j tan”-2^ scc^OdOf 


tan 0 ^ z. 


put 


9.2 
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sec® 6 d 6 «efe. 


I tan**-® 6 sec® Odd « / s^“’^dz * 


g**~^ _ tan**-^ 0 
« — I I 


« —?— tan**“*^ 0 - - — tan**”® 0 H- - — tan**“^ 9 ^ ..., 

n - 1 n-3 «~S 

where the last term is (— i)*" j tan 9 d 9 , since n is odd (« 2m + i), or 

(— i)*”+^ log cos 9 . 

Many reduction formulae result from the differentiation of 
simple functions of the variable. It will be sufficient to give one 
example of the process. 

Example 14. 

Find a reduction formula for the evaluation of the integral 


f-j^=dx, 

J V i -h 


where u is a positive integer. 

We have identically 

S Vi + jc® = (n — i) ;i£?”“® Vi + x® + 
dx YI _|_ ;K;2 

.= (” ~ j) (i + Jt?®) + jg** 

Vi + ^® 

(« — i) A?**~® 4- (« — i) JC” + in^** 

VI + iV® 

, V ;c””® nx"^ 

= (w - i) —;== + 

y 1 -{■ x^ Vi + A?® 


By integration 




«n = “ Vl + ** — 
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By continuing the process we arrive at the forms 

/v^ ” /vffp 

which are immediately integrable. 


9 . It is evident from the explanations above that the evaluation of 
an integral may depend on one or more of a number of different 
artifices. For complicated functions it may be necessary to resort 
to several alternatives before the solution can be found. Indeed, 
in many instances the integral may be no known function. 

The following example is of a different type from those hitherto 
examined, and is given in order to show that certain obvious sub¬ 
stitutions must be rejected as being unsuitable for the evaluation 
of the integral. 


Example 15* 


Let 


/ 


f 

J(l 

- f 


(i) Put I — = ar, so that jy = (i — z)K 

Then — dy = dz. 


"J 




which has produced a more complicated form. 


(ii) Put(i -y>)i = z, so that ~ I _ ^3^ 

Then i (t - y^) ^ (- 3 ^) 

i.e. — 3'* (* — 3 '®)”* 

j 11 — dz _ / — zdz 

which is not immediately integrable. 

(iii) Trials (i) and (ii) fail because the integrand does not contain a 
term y^dy which is the differential of Jj;®. In dealing with functions of 
the form Va® 4- we have found that the substitution x « i/y changes 
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the index of the term outside the radical, and this suggests that the 
above integral might be simplified by the substitution y ^ i/ar, so that 

dy =* (— ijz^) dz. 

Carrying out this substitution, we obtain 

J z^(i — ijz^)^ Jz(z^ i)i J (z^ — i)i 

Since the integrand now consists of the two parts (i) z^ dzy the dif¬ 
ferential of Jar®, and (ii) ar® (ar® — i)^, a function of Ja®, the required 
conditions are satisfied. The substitution a® = will therefore simplify 
the integral. 

A better substitution, which will rationalize the denominator of the 
integrand, is a® — i =» ati®: this substitution will not affect the above con¬ 
ditions. 

Putting a® — I — a;®, we have 3a® dz = 3^;® dxy and 


r ( f xdx 


J{x^+i)x ;A:®+r 

By expressing this in partial fractions, and employing the usual pro¬ 
cesses, the integral becomes 

- T log - * + **)-^ tan-1 ( . ^ . r +^log(i + *), 


where 


J log (i - A? + x^) - ^ tan-i ^ 
A? = (ar® — i)^ 

__(l 


EXAMPLES 8 

Integrate the following functions with respect to x: 
x^ X — 2 X + 1 

I. « _ • ___ ^ 

xVx' Vx + 2 

X + I 3Jg® — I 3g® 

x^ — 4X‘h3^ x^ — 3 x + 2 ^ Vx—i 

X 3x + I 

— — i)®(;xr+3)* 

cos X ^ Sx ^ e* — sin jg 
3 -I- 4 sin;if’ 4Jip®-f3’ e* + cos«’ 
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___ ^ 

— x — Vz + x + x^* 

, sin X I 

’ i + i cos I — a;®* 

x^ — 1 x^ 

x^ x^ + 1* sfi — a^* 

O ^ . 3^ + 4 

0« /-. —. r j “ # 

VI 4 - 4jc 2 + 3 
9. sin 2;c cos 3^; cos x cos \x. 

ofi I 

V x^ xVi + x'^ 


11. Find the value of the integral of -, -« according as 

a + zbx + cx^ ^ 

ac — is of the form — or + 

12. Evaluate i - 

Jx^ Vz -h X^ 

13. Integrate with respect to x: 

W (“) J’ y where j = Vx<‘-i. 

<3 _j_ ^ __ 2 

14. Resolve y— —\37.2 partial fractions and integrate it. 

15. By using the known relations connecting sin x and cos x with /, 
where t = tan evaluate 


f dx f dx 

Jsinx* ji + cosAj’ J 

1 sec X cosec xdxy 

expressing the results in terms of t. 


By using the formula for integration 

by parts, evaluate 

16. jxlogxdx; je^^x^dx. 17. 

fx^e^dx; jx^logxdx. 

18. Ixsinxdx; Jx^cosxdx, 19. 


20. fcos hx dx. 
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Integrate the following functions with respect to x: 


21 


— 7 

lo g(i 
25. (a® + 

I 

27 


29 


V 3^^^ + jc + 8 

X + I 

x^-h x-h I* 


a; (i + 

I 

33 


(i + ^) Vi + 


35 


^Vz + X -- x^ 

37- V a - jc* 


22. 


24. 


26. 

28. 

30- 


sec X. 
log (log x) 

X 

{x + b) {x^ + zbx + cy, 

I 

I +c®‘ 

X 

V S + 2X -i- 


32. 


34- 


36. 

38. 


I 

41 + 9 cos X* 

I 

xVx^ + 2X — 2* 
tan Af 

+ i tan^ x" 

I 

a/J + Va? + a* 


39- 

41. 


sm ;c 


4 cos + 3 sin 
Prove that 

(Pv 


40. 


a + b cos^ ;ii: * 


/“ 




dx ■ 


dv 
^ dx 


du f 

^dx+r 


d^u 

dx^ 


dx. 


42. If 3; is a function of x whose integral is known show that the 
inverse function where x is regarded as a function of y can always be 
integrated. Apply this method to find: 


(a) Jlogydy, given that Je^dx = e^; 

(b) jcos“^ ydy, given that j cos xdx = sin x. 


x^ 

43. Integrate 

(i) by the substitution x^ + i; 

(ii) by the substitution x = tan 6, 
Explain the difference between the results. 
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44. If (ig=- -j- ^ and is of the form a + bx + mcF, show that 4 
is of the form fo® s»** 

X 

45. Integrate - - • ^ with respect to x. 

I “T” Sy 

46. Evaluate I— — 

J x(x + i)* 

47. If a > ft, integrate (a + b cos x)~^ with respect to x. 

48. Obtain by successive reduction 

Jx^(a^ -j- x^y~^ dx, 

49. Find a formula of reduction for je^X^dx and hence evaluate 
jxe^^dx. 

» X 

50. By differentiating ^- 2\m-i > ^ formula of reduction for 

{X a ) 

J(x^ — * 

Hence or otherwise evaluate 

/ — a^y 

51. Evaluate (log xydx. 

52. Prove that 

[ ^ • j ^ f m 1 • f \ j cos^xcosnx 

cos^ X sin nxdx =- / cos"*“^ x sin (n— i)xdx -. 

I m -i- n J ^ ' m -h n 


S 3 - If 
show that 


Un = Jx^ V2ax — dx, 

(n + 2) = (2« -f i) aiin_^ — (zax — x^)^. 


Hence obtain 


V zax — x^ dx, 

54. Integrate sin^j^ft) respect to x. 

55. Use the method of integration by parts to find jx^ sin’"^ xdx. 

56. Find f , 

^ J SIJT (p + COS^ (p ^ 
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57* Show that the substitution = -3- renders the integral 

p — X 

j \/(« — a) (j8 — x) dx integrable. (j8 > a.) 

Hence evaluate JV (3 — x) (x — 2) dx. 

58. If px is form of 


find an expression for 4, where 


I dL 




59. Show that the integral 

/a? V 'Xx' 


dx 

V2X^ -h 2X + I 


is rationalized by the substitution 


^ - ^y±i) 

y - 3 ' 


By means of this substitution evaluate the integral. 

60. Integrate cosec* x with respect to x. 

6 ,. 

J 3 + cos 2 X 


integrals: 



62. 

f x^dx 

J(x* + iy>‘ 

Substitution 

X = tsin<f> 

63. 

f (as* — 1) <£« 


z = (x^-j- I )lx\ 

ias* •^as* + as* + I' 


64. 

f (as* — i) <£k 


z ^ x + ijx. 

ias*'\/as* + as® 4 -i 

»> 

65. 

f dx 


ar = (2 — 0^)1 ofl. 


ff 

66. 

/■(l + 2 }^)^dx 

J *» 

» 

2 + X'"^ « Z. 
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C 'X fi x 

67. / -7==—^7==r. Substitution jc + i « js:® 
JVI 4 -JC+ 

68 . f- y z r. + ^ = 

yVjK; + «.+Va? + 6 




dx 

7==-7=1 • >» 2X-^a 

/x + a^+Vx-hb 

(Express the result as a function of t,) 
dx 

-=— ri. Substitution a + bx" — zif*. 

! (a + bx^")* 


2 * + a + A =» i (a — 4) (t* +1/<*). 


f x'^dx 

7 °- jx^^~i’ 
[_d±__ 

jz + cos <f>* 


ar =s jc®. 


AC = (i + 2 cos ^)/(2 + cos ^). 
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DEFINITE INTEGRALS: AREAS: 
MISCELLANEOUS THEOREMS 


rb 

1. The definite integral <(> {x)dx has been defined thus: if 

Ja 

d 

(^) = ) ^(x)dx=f (b) — / (a). In dealing with in¬ 

definite integrals the sole consideration is to obtain the function 
/ (x) which when differentiated will give (f> (x). For definite in¬ 
tegrals a further process is necessary, namely that of finding the 
values of/ (b) and/ (a). It should be noted that a definite integral 
will always be a function of a and b (the limits of the integration) 
and will not be a function of Xy the independent variable. 

The ordinary procedure follows similar lines to those adopted 
for summation in finite differences and the work is carried on thus: 


Example !• 
Evaluate 




dx. 




(5 - 3 )^ (4 - 3 )^ 

3 3 


2® _ I® _ 8 I _ 7 

3 ~ 3 ”’ 3 “ 3 * 


2. Before proceeding to a detailed investigation of the methods 
for the solution of problems involving dehnite integration there 
are certain simple theorems to be proved. These are of general 
application. 

(i) j ^ (*) d* = — (*) d*. 

^/(*)“^(*). then (»)d* =/(*). 


If 
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jy{x)dx=fib)-f{a) 

= -[/(«)-/(*)] 

= — <f> (x) dx. 

J b 

(ii) f ^ («) <j!* = f ^ (ac) + [ <j> (x) dx.' 

Ja Ja Jh 

As before, if 

^f{x)^4>(x\ then ^ <f> ix)dx (x). 

/. I <l>{x)dx=f (c) — f {a) 

= f{c)-f{b)+f{b)-f{a) 

= [ (f> {x) dx +[ (f> (^) dx. 


[ <!> {x) dx = ] <f> {a ^ x) dx. 
Jo Jo 


This is an example of the change of limits brought about by the 
substitution of a different variable for the original variable x. 

If (a — x) =y so that — = dy^ 

then <l> {a ^ x) dx = — (f) (y) dy. 

Also when x — o, y = a, 

and when = a, y o. 


(f> {x) ^ (j;) rfy = I ^ (a - :x;) . - dx 

rO fa 

== — <f) {a-- x) dx^ \ (f)[a — x)dx. 

J a Jo 


It should be noted that if the upper limit is the independent variable, 
the integral is not a definite integral, but simply another form of the 
indefinite integral. 

For example, 

jj{x)dx^f{x)-f{a) 

= / (jc) 4- a constant 

“ j^{^) dx. 
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8. There is no new principle involved in the evaluation of definite 
integrals. Care must be taken, however, that if a substitution be 
made for the independent variable, the limits of integration are 
changed accordingly. This is particularly to be noted when the 
substitution turns an algebraic expression into a trigonometrical 
expression, or vice versa. 

The following illustrative examples show the procedure to be 
employed. 

EaampleS. 

rX ^2 

Jo ( 3 * + 2 )* 

Put 3« + 2 «3^: then when jc = o, jy = 2; and when Jc = i, jy « 5, 
Also =» dy. 

The integral becomes 

f® f y - 

V 3 j dy 

. 8 y 3 

-^[(5-4l<«S-|)-(»-4log2-t)] 
-^(3-4l«g| + |)-^(j-4l'>sf). 


Example 8. 


dx 


} 


dx 


is a standard form and its value is - tan”^ -. 


Therefore the definite integral 



■= i tan“^ I i tan-^ 
a a 

I TT I TT 


o 
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There are two points to be noted when evaluating a definite integral 
for which the indefinite integral is an inverse trigonometrical function. 
They are 

(1) In no circumstances can the result be expressed in degrees, since 
the ordinary rules for the differentiation and integration of trigono¬ 
metrical functions hold only when the angles are measured in radians. 

(2) The value of the definite integral is usually the smallest positive 
angle. If, for example, tan^c is made to vary continuously from 

o to I and x commences at the value o, it will end at the value 

4 

similarly if it commences at the value wtt it will end at the value 

TT 

HTT 4 " . 

4 

The reasons for these restrictions will be more apparent when 
geometrical applications of definite integrals are considered. (See para. 6, 
later.) 

Example 4. 

/*« dx 

Jo -4- 

Let X ^ a tan then dx=^ a sec^ <f>d(l>. 

When a; == o, tan ^ = o and ^ = o; 


and when x^^ a, tan ^ = i and <f> 

Therefore the integral becomes 

TT 



r 4 a sec^ (f) dfj> 

0 {a^ tan^ </> + 


Ci a sec^ <f} d<l) 
^0 sec^ ^ 


TT 




I 



Note. The substitution jc =» - will also simplify this integral. 
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Example 5* 


f sin^ xdx, 

Jo 

sin^xdx^ j i,2sin^xdx=‘ J (i — cos 2 a?) 

“■ - i si® 2*)J^ =i - J sin - o] =■ iw, 


sm aw = o. 


Example 6. 


Prove that / ^ sin" xdx = j cos" xdx. 

Jo Jo 


From (iii) above (para. 2), 


fa fa 

1 f(x)dx=‘ f (a -- x) dx 
Jo Jo 


sin X = cos • 

5 5 — 

/. p sin" xdx = p sin" -- s^dx^ jj cos" xdx. 


Example 7. 


Evaluate xsinxdx, 
Jo 


The function x sin x is the product of two functions of x and we must 
integrate the expression by parts. We may obtain the indefinite integral 
by this method and insert the limits after the integration has been 
performed. 

jx sin X dx = — X cos X — j(— cos x) dx 
= — X cos X + sin X, 


W v 

/. xsinxdx — — cos^-f sinT 
Jo L Jo 


TT TT . . TT , . 

*-cos - H- sin-o cos o + sm o 

22 2 

= o + I — o + o 


= I. 
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4 . When the function whose definite integral is required is the 
product of two functions of the variable, we may proceed as above, 
or we may adopt a more specific formula for definite integration. 

Let Ut and be two functions of a variable and let a and b be 
two constants independent of U 
Then 

j UtVt dt = Utj Vtdt “"1^(1 "^td^ 

We may write | Vtdt as j Vj^dk\ for if j v^dt == then 
^\dk = V, - Va 

= ^Vtdt — constant 

= ^Vtdt, 

the constant being simply the constant of integration. (See para. 2.) 

= v^dl^dt. 

- [“• JS" -1 -m (1!'’“'*) ■"]! 

= Mj j Vj,dk - Ma j Vkdk - I (j dt 

since j Vi^dk = V^ — Va = o. 

• a 

Alternatively, since 

— [ V/idk — — (Vi — Vf) = Vf — constant =| Vfdt, 
we may obtain 

I UtVtdt = Ua^ ©fcrfA + j Vidf^dt. 

(See Actuarial Note, y.I.A. vol. xliv, pp. 403-5.) 


FI 


10 
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Applying the first of these formulae to the evaluation of the 
integral in Ex. 7, we have 

IT ir IT 

I *8in«rf*=^| sinjcrf* —I sin kdf^dx, 

where the function is x, and the “o” function is sin x. 

Now 

I sin kdk— cos ftj = — cos x + cos o = — cos * + i. 

IT IT IT 

f A! sin A! dir = - F— cos *1 — f (— cos x+ i)dx 
Jo 2 L Jo Jo 

^. 1 r • 

= - — cos - + cos oj — — sm a: + a: j 

= - [0+ il - [- sin- + -] 

2 L J L 2 2J 


TT . TT TT 

= - + Sin- 

2 2 2 

. TT 

= sm- 
2 

= I, as before. 

6. The following examples are illustrative of the methods em¬ 
ployed in the evaluation of certain types of integrals. 

The value of the function — when a: = o is evidently zero (since 

and the limit of the function when a:->oo is also zero (see 
Ex. 3, Chapter vi). These properties of the function enable the 

definite integral [ x?^e-*dx to be readily evaluated when r is a 


Jo 


positive integer. 
Thus 


I x^e~"dx = a:" (— «-*) — | ^ (— «-*) dx 
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TOO r “100 f 00 

/. x^e^^dx = — 01?**^“* + n x^^^e^^dx 

Jo L Jo Jo 


= » I x^-^ 


-^e~^dx since 


Similarly 


and so on. 


J( 


o^-^e'-'^dx = (» — i) xi^^^e'-^dXf 


roo TOO 

= n (n — i) (n — 2)... e~’‘dx 
Jo Jo 

= n (n — i) (n — 2) ... «~*j 

! Lt C-* = Lt ^ = o 

X-^oo jj —>00 ^ 

and = I when x = o. 

roo 

/. x^e'^dx ==«(«— i) (w — 2) ... I. 

Jo 

Again, consider the integral x^'-'^ (i — x)^-^ dxy where m and 

Jo 

n are positive and m is an integer. If we put i — = ar, then 

-- dx = dz. The new variable z takes the values i and o when x 
has the values o and i respectively, and the form of the integral is 

rO 

now J — (i — z‘^'’^dz. 

This is the same as [ 2”*“^ (i — zY~~'^dz. 

Jo 

Changing the variable to x —^which does not alter the value of 
the integral—the integral becomes j (i — xY~^dx. 

To evaluate the integral we proceed in the usual manner. 

j (i — x)'^'-^ ~ (i •” ^ ^ dx 

= 7 (l - + 1 (1 - x)”'-^dx 

= ^ (i — »)™-^ + j*" (i — xY'-^dx. 


lo-a 
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The term — (i — vanishes for limits jk? = o and ^ = i. 
n ^ * 

fi »M — 1 ri 

J (i — dx = —~ J *" (i — *)”“*<£« 

=--7' ^ -*)”■-»‘i*. 

n n -t 1 Jo 

similarly. 


(OT-i) (m -a)...a.i 

B(«+i)...(« + w-a)Jo 

(m — i) (m — a)... 2.1 
w (n + i)... (n + m — i)‘ 

The above integrals are of the utmost importance in the higher 
branches of mathematics. They are called Eulerian Integrals, 

j (i — x)^'~^ dx 

being the First Eulerian Integral and 


r x^e-^ 

Jo 


the Second Eulerian Integral. The proofs above have been based 
on the assumption that the indices have particular values (e.g. in 

f (i — x)^^^dx, m is an integer). It can be proved, however, that 
Jo 

the properties of the integrals are the same if certain of these restrictions 

are removed. The First Eulerian Integral x^~'^ (i — xy^'-^dx is a 

function of the positive quantities m and n and is written as ^ {niy n)\ 
the Second Eulerian Integral is a function of n alone and is written 
as r (« + i). These functions are called Beta and Gamma functions 
respectively. 

We have jS (m, n) *= (i — dx 

(m — i) (m — z )... 2.1 
**«(«+ i)...(« + w — i) 

(« + iw —i)! ' 

if m and n are positive integers. 
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/•oo 

Also r (w i) =* / 3 ^e'~^dx = n(n — i )... 3.2.1, 
Jo 

which is n\ when n is a positive integer. 

Hence j8 (m, n) = r(/«) r(«)/r (m + «) * jS (n, /«). 


6. Areas of curves. 


It has been shown that the integral (j> (x) dx represents the 

j a 

area of the curve y = c/) (x) between the curve, the ^e-axis and the 
two ordinates x = a and x b. Every definite integral denotes an 
area, and provided that the function in question is integrable w^e 
can find areas of those parts of curves cut off by different straight 
lines and, in many instances, by other curves. In solving problems 
connected with areas it is always advisable to draw a rough graph 
of the curve: otherwise the true area required may not be apparent. 


Example 8. 

Find the area cut off by the curve 
the jc-axis and the ordinates 
x — o and ;k? = 4. 

The curve is the parabola LOK in the 
diagram, and the area required is that 
bounded by the curve OL and the 
straight lines OAT, LM, i.e. the part 
OLM. 

/•4 

Area = j ydx 

2 Vjc dx^ 



. A 



=r 

Jo 

= 2 f x^ dx 


Fig. 32. 


since y® = 4JC 


2-10 

4 [4*] = io|. 


Note, Since the result represents an area, we should write lof square 
units as our answer. In practice, the words “ square units ” are omitted, 
but it should not be forgotten that this qualification always exists. If, 
for example, squared paper were used and we chose an inch as our 
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ISO 

unit for x (along OX) and for y (along OF), the area OML would be 
I of square inches. 

Similarly, if the integral to be evaluated were 

dx 

Jo Vi — * 

the area required would be 

j^sin"^^J or (sin-^ i — sin”^ o), 

the value of which is —. The full result would be square units” 

or “ f (3'i4i59 ...) square units,” so that if our units were inches 
the area would be i‘S7i square inches, correct to three decimal places. 


Example 9. 

Find the area of the loop of the curve y^ = x^(x + 2). 

For real values of the variables x cannot be less than — 2. Also when 
y «== o, Jc = o or — 2. Again for every value of x between o and — 2 



Fig. 33. 

there will be two values of y, equal in magnitude and opposite in sign. 

x^ / 

«-7= + zx VjjJ + 2. 

2 y X 4- 2 

If this be equated to zero, 

jc* + 405 (oc + 2) ** o; 

i.e, gx^ + 8jk? =*= o, 

/. x = oor - 8/5. 
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Of these a? « — 8/5 gives a maximum value to y, and K will be the 
highest point of the loop. 

If we integrate y between the limits — 2 and o we shall obtain the 
area cut off by the curve between the axes and the ordinate ^ — 2, 

i.e. the area OKA. The area of the whole loop OKAK^ will be twice 
this area. 

Therefore the area of the loop 


: 2 I ^ydx = 2 J ^ a;® (a: + 2)^ dx. 


To evaluate the integral, let (a: + 2)^ =* z. 

Then when jc = — 2, ar = o, and when Af = o, ar « V2, 

dx 


Also 

2 (a: + 2)^ 

The required area is therefore 
"\/2 


= dz. 


2 J ^ (2^ — 2)^ z.2zdz 

2 (z^ — 4ar2 ^ 2z^ dz 

J 0 

2 ['^^(2z^-8z*+8z^)dz 
J 0 

^ L 7 5 ^ 3 Jo 


8«® 

5^3 

2.2^ 8.2^ 8.2^ 


' 2.2* _ 

.~T~~ 


which simplifies to 


5_ 

2 56 A/2 


]■ 


Note. In the above figure the area AKO corresponds to the positive 
value of Va: + 2, and the area AK^ O to the negative value. The area 

^ 2 [ Vx + 2 dx, where the Va: + 2 means the positive value of 
” 2 

the square root; there is therefore no ambiguity of sign when z is 
substituted for a/a? -f 2 , 


Example 10. 

Find the area between the curve (i — a?) *= ac® and its asymptote. 

The straight line at ~ i is an asymptote to the curve, x cannot exceed i 
for real values of y, and the curve gradually approaches the straight 
line Ap « I, meeting it only at an infinite distance from the origin. 
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We require therefore 

2 f ydx^z { x^l{i — x)^dx. 

Jo Jo 

The substitution is jk: = sin^ S and the integral becomes 


2 p2 sin^ OdO. 

Jo 

Expressing sin^ 8 in terms of multiple 
angles, we have for the area required 

n 

2 f * 2 (I — i COS 28 + COS 4^) d8 

Jo 

IT 

= 4 — T "1" 15 ^ 

-[if] 



Fig. 34- 


7 . Differentiatioii under the integral sign. 

There are various devices for evaluating definite integrals where 
the function to be integrated is of the form / (jc, k)y k being in¬ 
dependent of X. A method that can often be used to advantage 
depends upon the process of differentiating under the integral sign. 

rb 

Let = f {Xyk) dx where a and b are constants independent 

J a 

of k. Suppose that k be changed to ^ + A^, so that u becomes 
u + Am, X remaining unaltered. 

f6 

Then m + Am = f {x,k + t^k) dx 

Ja 

and Am = f f {x,k + Ak) dx — [ f {x,k) dx 

Ja J a 

‘-\\f(x,k + Ak)-f{x,k)]dx, 

Ja 

. Am {b f{x,k + Ak)-f (x, k) . 

•• Ak~)a Ak 

n..* f{x,k + Ak)-f(x,k) _ df (x, k) ^ ^ 



DIFFERENTIATION UNDER THE INTEGRAL SIGN 
where o is a small quantity which vanishes in the limit as Ak 
. Aa 


Ak' 
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-►o; 


When A/j -> 0 the second integral vanishes, for it cannot be 
numerically greater than (6 — a) ai (where is the greatest value 
of a), and ultimately vanishes. 

Therefore when o we shall have 


rfa _ Aa _ f6 df (x, k) , 
dk-^k^oAk-]a dk 
By successive differentiation it follows that 

k) 

dk^~]a dk^ 


li aoT b be infinite this proof will not hold, for then we cannot say 
that, when A^->-o, {h — a)ai vanishes. A complete proof involves 
higher mathematical analysis and it will be sufficient to assume that in 
the examples dealt with in this chapter we may differentiate under the 
integral sign, even if one of the limits be infinite. 

The following example is a practical application of the method. 


Example 11. 

We have / dx^\~\ = -. 

JO Ln Jo n 

Let jc = -, where a and z are independent; then when x 

a z 


z == o. 

We may write the expression for x as 

I 

r+ajz^ 

so that when x ^ i, a/z == o and z is infinite. 




a + zj 


a 


dz. 



C + i) (« + «)>* 


■/, 


az' 


n-l 


0 (a + zy^^ 


dz. 


o, 
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But f 0^-^dx « i/n; 

Jo 

Since a is independent of jar, we have 

£ /■« s^n-l 

da Jo 


Jo (a + zy-^^ 
Since 


dz 


da (a + 


n d z”-^ ~\ j /■« - (n + i) j 

L 


Also 


daJo (« + «)»+! /fa W“nV a®/' 
/fajo (a + ^)"+^ Jo (a+ «)"+* 

. /« -(«+i)a:"-^ I/- i\ 

'• Jo (a + jr)"+* 


i.e. 


/. 


fo (a + z)"+‘ 

'00 j^tl—1 

^0 


n (n + i) a®* 

From the known integral / ;-<fe we have therefore obtained 

® Jo (a + 2;)’*+^ 

the integral 

This process may be repeated, and we shall have 

A («+»)"■* 

/: 

80 that generally 


I .2 


2f)n+3 “ n (n + i) (w + 2 ) a®’ 

®® __ 1.2.3 _ ^ 

(a + 2r)"+* ^+ i) (n + 2) (« + 3) a^* 


, _ 1.2.3 ...(r-I) X 

'0 (a+ *)»+*■ «(« + i)(» + 2)... (n + r — i)a’' 


/CO jjfl-l 

/ r-r-^zzrzdz 

Jo 


(r- i)l(n- i)! I 
*“ (« + r—i)l a'* 

if r and n are positive integers. 
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8 . Double integrals. 

The formula for integration by parts is 

j uvdx = « I vdx “ I j 

If X be the function u the second term on the right-hand side is 
I {x' I vdx'^ dx, i.e. | ^ j vdx^ dx. 

Omitting the brackets the term is |j vdxdx. This is a form of 

double integral, and its meaning is simply that we must integrate 
V with respect to x, and then integrate the result also with respect 
to X. 

Thus, since | x(?‘dx = xd‘ — c®, 

|j xd‘dxdx = j — e^) dx = (xe’‘ — c®) — c® = arc® — 2c®. 

A more general form of double integral is the form in which 
there are two independent variables. If z; be a function of x and y, 

jj vdxdy denotes the process of integrating v with respect to x and 

then integrating the new function with respect to y. 

In performing the integration with respect to », y must be as¬ 
sumed constant, and similarly when integrating the result with 
respect to y, x must be assumed constant. 

Example 12. 

Evaluate jj{^x + dxdy. 

Since this is an abbreviated form of j^j(^ + 3 y^) do^ dy^ we must 
first find j(^ + 33 ;^) dx, where y is assumed to be independent of x. 

/( 4 * + 3 /) - 4 |- + 3 ^® + a. 

Again, j [2** + 3^3^ + a) dy = zx^y + + <3^ + A; 
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jI{/[X -f Zy^) dxdy = 2x^y + xy^ ay + 
where a and b are arbitrary constants. 

If we had been required to integrate j j{^ + ^y^) dydXy we should 
have obtained, firstly, 

+ 3y^) dy = 4xy + + c, 

and then 

j {/^xy + y^ + c)dx — 2x^y + xy^ + ca: + rf, 

where c and d are constants not necessarily the same as a and b aoove. 

9. Suppose that, in the above example, we had had to evaluate the 
integral between limits, so that the problem read thus: 


Find the value of j j (4^ + 3^^) dxdy. 
Firstly, j (4^ + dx = 2x^ + 2^y^ 


= 2 .42 + 3 .43;2 - 2.32 - 3 .3j;2 

= 14 + 


(■2 r 12 

Secondly, (14 + 3^®) dy = 143; + jy® 

L Ji 


= 14.2 + 2®- 14.1 - i» 

= 21. 

Now if the order of integration had been reversed, we should 

ri 1-2 

have had to evaluate J J + 3^®) dydx. 

In the usual manner, 

j*(4* + 2 y^) dy = * 

= 4.2* + 2® — 4.1« — I* 

= ^ + 7. 


f4 r 14 

(4* + 7) dx — 2»® + 7x 
L Js 


= 2.4® + 7.4 - 2.3®- 7.3 
= 21, as before. 
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This leads to the general proposition: 

If X and y be independent, then 

f f f{x,y)dxdy=\ f f{x,y)dydx, 

J a J a J a J a 

provided that the limits of x and y are independent of each other, 
and that neither / («, y) nor its integrals become infinite for any 
values of x and y between the limits of integration. 

The proof of this theorem is difficult, the most satisfactory demonstra¬ 
tion depending on a double summation. It will be therefore taken for 
granted that the proposition holds within the limitations imposed. For 
a rigid proof of the proposition the student should consult any recog¬ 
nized textbook on more advanced Integral Calculus. 


10. It should be noted that where one or more of the limits of a 
double integral is a function of either variable, we may not take 
the order of integration indifferently. A common form of double 
integral that occurs in mean value and probability problems is one 
in which one of the limits for integration involves one of the 
variables. The integral is of the type 


ra fa-x 

fix,y)dydx, 

JO Jo 


where the result of integrating / (^, y) with respect to y and in¬ 
serting the limits produces a function of x. In these problems it is 
necessary to adhere strictly to the order of the integration. 

Example 13. 

Show that 


j j (x^ y^) dydx ^ io ^ dxdy. 

n o—Of fa r ^ . 

{x^ + y^) dydx=^ j ^x^y + dx 


*= f (a - A?) + J ~ 

Jo 



ax^ — X? — a^x -V ax^ — dx 
(a® — 'ia^x + dx 
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3 L 2 3 4 Jo 

3 L 2 3 4 J 

6 • 

/a—* /a / a—oj r* “lo 

Jo Jo ^ dxdy^ dy 

’“fo 

r 4 .0'*"!““® 

”L 3 "^tJo 

■“I [«*(«-*)+(«-*)*]. 

which is a function of x and is obviously not equal to the constant 
quantity ^. 


EXAMPLES 9 

I, Prove that 


fh 

/ ^ (x) dx ^ {a + 6Jt^^ 
Ja 


where h^b — a and o<^< i. 


Evaluate the following definite integrals: 

2 . x^dx\ j {axbx^) dx. 

3. dx; Vx^^dx. 


4. f^sinxdx; f toir^xdx. 
Jo Jo 


'•/^r 


dx 


+ + 2^2 


1 I -- JC + 23g ^ 
+ X + X^ 


■■Cl 


dx. 



dx dx 

^ (3 ~ ^ Jo 2 — cos x^ 
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7 , - ■ 7. .7=; sin 6 sec® 0 

Jo Vx’{-a + Vx Jo 

8. f^cos*xdx; f —-. 

yo /o 17 + 8 cos X 


dx 

17 + 8 cos X* 


9 - 

ir 

10. j xlogxdx; j^d^cosxdx. 

"2 

ir 

11. I x^sinxdx; f e^^^x^dx. 

Jo Jo 

12. Prove that 

-, = i log (2 + V3). 

•/o (i — 2JC®) Vi — jc® 

/•4 j 

13. Use the substitution jic = sec to evaluate / y-i 

y2 ^ 


i log (2 + Vi). 


^ dx 


14. Prove that 

j" X (log xf dx = . 

15. Ub> {a + i), find the value of 

fb 

/ (je — ^) log {x ~ a) 


16. Evaluate 


Jo (i+x^f 


17. Prove that if a and b are positive and b is less than a 

r” dx _ TT 
Jo a + bcosx~ VaS _ ^s" 

W 

18. Find f^tan^xdx. 

Jo 

19. Integrate —- ^ ^ between the limits « — i and jc — 2. 


20. Prove that 
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21. In the curve y ^ the abscissa from o to 2 is divided into n 
equal parts each of length 2/w. Show that the area of the set of inner 
rectangles is 

and that the area of the set of outer rectangles is 

Putting n » 10, 100, 1000, 10,000,... etc. obtain two series between 
which there is only one number and deduce that this number must be 
the area contained between the curve, the axis of x and the ordinate 
corresponding to the abscissa ^ = 2. 

22. Prove directly from the definition of a definite integral as the 

limit of the sum of a series that 

, j i cos na 

/ sm nxdx — -. 

Jo n n 

23. By evaluating f (i — x^Ydx in two different ways (« being a 

Jo 

positive integer), prove that 

_ ” I ^ i) 2) , ^ __ 

3.1!'*’ 5.2! 7.3I 3.5.7 ... (an + i)’ 

24. 

25. Pro™ that + 


n n ( n ~ i) n (n - i) (n - 2) 
3.1!'*’ 5.2! 7.3I 


5. Find r 
Jo 


2X^ + X + I 


27. Prove that cos® x sin s^dx = 

28. Find the area enclosed between the curve the jc-axis 

and the straight line x » ga. 

29. Find the area between the curve y^ = 405?, the o^-axis and the 
ordinates zab and zac, 

30. Plot the curve jv® ^ x{x -- i)® between x^o and « 3 and find 
the area of the loop. 

31. Find the area between the curve y^ =* ^ and the straight line 

y^x. 
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32. Draw a rough sketch of the curve ^ x) between 

and a?« — I and find the area of the loop. 

33. Find the area between the axes of co-ordinates, the ordinate 
y = 9 and the curve y ^ i(e°^ + e-^). 

34. Find the area of the loop of the curve =* jc® + 351:®. 


35. The equation of a curve is given by y = log:v + Find the 

X 

area bounded by the axis of jy, the curve, and the two abscissae whose 
lengths are 2 and 3. 

36. Find the areas cut off between the axis of the co-ordinates, the 
ordinate « 3a and (i) the parabola= ax, (2) the circle rc® -f = ^ax. 
Hence find the area common to the two curves. 

37. Trace the curve xy^ = 4 (2 — a?) and find the area which lies 
between it and the y-axis. 

38. Prove that the area of the loop of the curve (a + ;c) = x^ (a — x) 

18 2.1* (l-j). 

39. Find the area included between the curves y^ — /^ax = o and 
x^ — ^ay = o. 

40. Find separately the two finite areas each bounded by the three 
curves: {a) ocy = 1, {b) y^ = x, (r) x=^ z. 

41. Given that 


42. Prove that 


deduce j + a*) ^ dx 

by differentiation under the sign of integration. 

where the limits are independent of c. 

Xdx TTtt 

Given / —:-;— = — , 

yo I + cos a sin x sin a 

xdx 


deduce the value of 




'0 (i + cosasinjc)** 


FI 


II 
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43. Prove that 

A_^__ 6 

Jo I 4- 2^cosfl + 
where 0 is independent of x. 

44. Definite integrals may sometimes be obtained by differentiating 
under the sign of integration. Illustrate the process by finding the values 
of the definite integrals 

Jo Jo I -r x^ 

45. Given that the length of the arc of the curve y — between 
the points whose abscissae are a and b is 

find the equation of the curve the arc of which beginning from x^o 
is always '^2ax. 

46. Show that a form of Maclaurin’s series expressing / (je) in terms 
of /(o), /' (o), /" (o), ... can be obtained by repeatedly integrating by 
parts the integral 

47. Evaluate / + a;® + i) {x^ + dx. 

Jo 

48. Prove that, if m > «, 

1 

49. If X and y are independent variables, find f Vop® + jy® rfy, and 

Jo 

integrate the result with respect to x between the limits x^o and x ^ i. 

J ra /a-x 

0 Jo 


50. Evaluate 



MISCELLANEOUS EXAMPLES 


1. Make a rough sketch of the curve = Find the 

maximum and minimum values of jy and the area enclosed by the curve. 

2. Differentiate (i) + 5 (ii) sin“^ (sin“^;ip). 


3. Evaluate 


(i) Lt 

(ii) Lt 
^->0 


X'^-2X^ + 2X^-2X+ I 
X^-X^ — X+l 

cosec ^ —cot ^ 


e 


4. Integrate j-^^dx and J' 


cos^ X 


cos X 


dx. 


5. Differentiate 


^ ^x^x-a - 3 + 4 ^ .i-x^ 

tan ^-7 ; sm”^ ; cos~^-: 

ax + b' sVi+:«2 


. 2 * 


6. Provethat 


7. The area of a curve is given by A=yV{2^+^y){^—y), Plot A 
against y on squared paper and hence obtain the maximum value of A 
and the value ofy for which -4 is a maximum. Verify your results by the 
methods of the calculus. 


8. Define the following types of functions, giving examples: Inverse 
function; Rational Integral function; Multiple-valued function; Alge¬ 
braic function. 


<f>{x) = 




Prove that = ^ (*+ 3 ')- 


9. Prove that log (i(i — is positive for all values of 
X between o and unity. 


10. A horizontal trough with vertical ends is of V-shaped cross- 
section, the angle between the sides being 6o®, and the length of the 
trough 6 feet. If water enters at the rate of 4 cu. ft. per min., find the 
rate at which the surface is rising when the depth is i foot. 
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II. If ffi and n are positive integers, find by successive integration 
rl 1 

by parts the value of I (i — ic**)”* dx. 

Jo 

By expanding the integrand and integrating each term, deduce the 
value of the sum of the series 


I m(i) ^ m^2) ^(3) ^ ^(m) 

n n+i n + 2 n + 3 *'* ^ n + tn^ 

where =m l/r I (m — r )!. 

12. If log 0 = n log t - , find what value of n will make 


13. Transform the integral f x^{a^-x^)idx by the substitution 

Jo 

x=acos</>; and find its value, explaining by reference to a diagram 
what are the new limits of integration. 


14. A reservoir has plane sloping sides and ends; its top and base 
are horizontal rectangles of sides 24 ft., i6 ft. and 12 ft., 8 ft. respec¬ 
tively, and its depth is 40 ft. If water flows into it at the uniform rate 
of 30 cu. ft. per minute, at what rate is the surface rising when the depth 
of the water is 10 ft.? 


15. Define a differential coefficient. If ^x is a finite increment, is it 

Ay (/y 

ever true that ~ is equal to -/ ? 

Ax ^ dx 

If V be the volume of a regular polyhedron, and x the length of an 

dV dW 

edge, what is the meaning of and of ? Illustrate with a regular 
tetrahedron. 

16. 111=3; Findwo. 

ir 

17. Evaluate j x^ tan~^ xdx and j sin^ xdx. 

18. If ac = tan ^ ^ and y = sec prove that +3;® (^) ~ 

19. Prove that ( —~ log — — ^ + K. 

JxVx + a Va Vx + a + Va 
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Hence prove that 

(i dx _ I 


k 


. Vi+x^+xVz . 
log—rzp— + 1 ^ 


Vi-hx^ Vz 

20. Show that x^-2x+4.log{x-^2) increases with x from x =—2 
to a; = — I, then diminishes from x= —i to x = o and then increases. 


21. If « be a positive integer find the limit when «->oo of 


[(■+-) 

^ . 2\ 

/ . 3\ 


I+-) 

( I+-) ... 


L\ nJ 

\ n) 

\ nJ 

V n/J 


22. Two straight roads meet at X at an angle of sin“^ f. A is travelling 
in the direction of X along one of the roads at 40 miles an hour, and B 
is walking along the other road, also towards X^ at the rate of 4 miles 
an hour. When A is 62 miles from AT, B is 81 miles from X, Find 
their minimum distance apart. 

23. Given m_ 2 = 4, ^0 = 6-5, ^2 = 6*3, and that has a maximum 
value when x=^i, find an approximate value for 

24. Find the value of i —where P has the values 

(i) i; (ii) (iii) (iv) 

25. If X 4- '^a^y for real values of j, find by means of Maclaurin’s 

theorem the expansion of jy in powers of x as far as the term involving x^. 

d 

26. Find the value of ^ j e^^dXy where t is independent of x* 

27. If A=^xI{ 2 x-\-z) and B= -^A^ylx, prove that 

d^A_ d^B 
dz^ dz dy * 

28. A person X walks along the diagonal of a square field ABCD 
from B to D at the uniform rate of 5 feet per second. A second person 
Y proceeds along the side of the field from B to C at such a rate that 
the positions of X and Y at any moment lie on a straight line which, 
when produced, would pass through A, At what speed is Y moving 
when X has walked one-fourth of the distance from B to Di 

29. Show that the infinite series i—i + y—+ can 
be expressed in the form 


r 


i-x^ 


dx^ 


and hence deduce its value. 
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30. Integrate 

(i) Jx(i-i'x)^ dx; 


' ' 7 4sinA 


-S cos X 


X + cos X 


dx. 


31. A closed circular cylinder of height h is to be inscribed in a given 
sphere of radius R, If the whole surface of the cylinder, including the 
base and the lid, is to be a maximum, prove that 




= 2 



32. Show that ^ {(i + ilxy} = el2x^ approximately, if x is large. 


33, Show that 

nl ^ r=o r!(w~r)J 

34. (i) If KI{y — u) = Kvl{t—x) — {i+v^)^y where v^dujdt and K 
is a constant, find the differential coefficient of y with respect to x. 

(ii) Given that 6^/® = sin {yla—c\ find the value of 

Dy[i^{Dyf]ID^y. 


35. Evaluate j 0^ (log xY dx and Jsin^ x cos® xdx. 

36. A thin closed rectangular box is to have one edge n times the 
length of another edge and the volume is to be V. Prove that the least 
surface S is given by 

n5® = 54 

37. Prove that if the polar coordinates of two points on the curve 
r=f( 0 ) be (r^, 6 ^) and (rg, the area contained by the curve and the 

[Ot 

two radii and rg is JI r^dd, 

J 0 \ 

Hence prove that the whole area of the curve r® = a® cos zd is a®. 


38. Integrate j according as 

(i) A; is a constant; 

(ii) k-x^-a^ where a is independent of x; 

(iii) i/A=;c. 
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39. Evaluate 


log(l+g«>)-log2~ fjg 
a;“*-0 xlog{x+Vl+X^) 


and find the limit of 

when X andjy each->i. 

x+y-2 

40. Differentiate with respect to x: 

X sin"*^ X log aejx + Vi — log ajx + log {xl(i + Vi — 

41. Prove that, if 3; = cos {m cos“"^ nx\ then 

(i — n^x^) — n^x -j- + mHH = o. 

' ^ dx^ dx 


42. Prove that the limit of the series 

” + ” + ” + 
(«+l)V2«+I (« + 2) V2 (2« + 2) (« + 3) V3 (2W + 3) 

n 

^ znVn (3n) 

when « -> cx) is 

43. If +y-yp = 2Xf prove that 

(x^-i) y + ( 2 n + i) xD^^^y + {rfi D^y^o. 

44. Prove that 

^ [x'^-^ (i = {i—2X^Y+Bx'^-^ (i -2a;2)*>, 

where A and B are constants. 

Find A and B and hence show that Jx^(i— 2x^)^ dx can be expressed 

in the form al-{f {pG),{i’-2x^)^^ where /=j (i-2x^)^ dx and a is 
a constant. 

45. (i) Find ~ (sin~^ x . log cos x ); and ^ +^)> where ax=:i+x. 

(ii) If X has any positive value, prove that x is 

always positive. 

46. If Ua. = a + br^, and Va. = Vo- (^x^x) show that log can be 
written in the form - 4 ^*+Bx + C. 




MATHEMATICS FOR ACTUARIAL STUDENTS 


l68 


47. Draw a graph of jy = 6 cos —cos for values of x between o and 
27r. Find all the maximum and minimum values of y within this range. 

48. If is the coefficient of in the expansion of sin (m tan“^ x) in 
ascending powers of x^ prove that 

(n* + 3w + 2) an+2 + - 3« + 2) =o- 

49. Prove that the area enclosed by the curve 

{b-x) = c^ (x-a) {b>a) 

and its asymptote is ttc (b — a). 

50. Prove that if f{x% a rational integral function of the third degree 
in Xf has a maximum value when x=Xi and a minimum value when 
x^X29 then 

[“’/(*) = {/W+/W}- 

Jxt 

51. Evaluate 

f* x'^^ (i - x^)'-^ dx and (- --, 

J sm x + sm 2X 

52. Find the limit of (a^+i)® (fl^-i)~® as and the limit of 

[iif* - a* + (a? - {x^ - as x ->fl. 

53. Interpret by means of a diagram the following expressions 
relating to the curve y-f{x ): 

(i) / (a) - af (a) ; (ii) ; (iii) af (a) - (x) dx. 


54. If y = cos{acos'~^ bx) obtain a differential equation connecting 

dy , d^y 

y- -& di- 


55. Prove that for positive integral values of n 

71 

f 

Jo 


^ J («-l) («-3)...3.I TT . 

cos’* xdx=- -if n IS even 

n (n~2)...4.2 2 


and 


«(«-2)...3.I 


56. Give two methods for evaluating integrals of the type 


Evaluate 


Va + bx-hcx^ 

J(x- 2)*"^ + ZX + 3)“* dx. 
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57. Use Maclaurin’s theorem to expand log(i+;8r) in ascending 
powers of z when z is numerically less than i, giving the coefficient of 
Obtain the coefficients of in the expansion of 

log (i — + 

in ascending powers of x. 


58. If 

prove that 
and hence find 


j/^=: J x^%\nxdxy 
«» + «(«- l)“n-2 = «(0 . 


‘ sin xdx. 


59. Find X — +y — in the following cases: 

(i) u — xe~^y 

(ii) u = sin“^ {x +y)'"^}, 

(iii) w = sin“^{(jc 4 -j') 

60. Given that « is a rational integral function of t of the third degree 
which vanishes when / = o, complete the following table of u and its 
differential coefficients: 


t 

— I 

0-5 

2 

u 

“2 



du 

It 


15-25 


dhi 

dt^ 


1 


dhi 

d¥ 



18 
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61. (i) Evaluate Jx axdx, 

(ii) Obtain a relation between 

^m:n 

where (i+ dx. 

62. If x = d — sin 0 and jy = i — cos express 

S /('+(l)T'*’ 

as functions of y only. 

X V 

63. (i) Prove that the straight line touches the curve 

y = be a at the point where the curve crosses the axis of y. 

(ii) Find the equations to the tangents at the origin to the curve 

{x^-i-y^f = x^-yK 
re* 

64. Evaluate J y {i— 2/{y^) dx, where y log x=i. 

65. Express sec ^6 in terms of tan d. Hence or otherwise evaluate 
d sec a 6 , 

—m terms of ty where ^ = tan d. 
at 

66. Prove that 


(i) ( sin^ X cos^ xdx= f sin® x cos® xdx = — . 

'Wo h 15 

(ii) j {x — a)'^{b-x)^dx=j {x—aY{b-xYdx = ^^-^^. 

67. It is given that the total surface area S and the volume F of a 
closed vessel in the shape of a right circular cone are 

S =ttA® (tan® a + sec a tan a), 

V=\ 7 rh^ tan® a, 

where h is the height and a is the semivertical angle of the cone. Prove 
that, if the volume is given, the surface area is least when sin a = 1/3. 

68. Water escapes through a small hole in the horizontal base of a 
rectangular tank which is initially full. It is assumed that the rate of 
efflux at each instant is proportional to the square root of the depth of 
water at that instant. If the tank is half emptied in 2 hours, calculate 
after how long it will be completely empty. 
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69. Prove that the area common to the ellipse + and the 

parabola = 4;^ is equal to 

f (Va -1)® a/ 2y^2 + V 2 cos"^ (Va -1)^. 

70. Show that, if w< I, 

P =P!L L I 

io Vm - cos^ 0 Va 1 ^ * 

where p = ilV2m-i. 

A point moves in such a way that the sum of its distances from two 
fixed points two inches apart is always four inches. Find to the nearest 
hundredth of an inch the average distance of the moving point from the 
centre of the straight line joining the two fixed points. 
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Examples 1. 

. 1 Vi_L. _! _ I _ T* i ^ Vj I 

‘a’ a ’ V3’ Vz Vz' ’2’ 2 ’ Vi’ 2’ 'a ’ Vi 

Sir 33 ^ Tff 

*• '6 ’ 4 ’ 6 ’ 6 • 


♦. (a) g; W y; W 

6. (a) i-oo8; (b) roo 6 ; (c) Z‘Z33. 

7 . (i) nir + (- i)"-; (ii) a«w ±(iii) nn + s (iv) nw + ^; 

4 3 04 

(v) »Iir + -. 

4 


8. (i) (“) (“») 4» 

(viii) (ix)air; (x) -g-. 

V’ ia’ i’ (v)(3«-i)y 

cosec —cot 6 


8 . (i) V“/ 22» 8’ a ’ 

10 . — cos^; — sin^; — tan^; tan^; cosed 

/I - /I 

29 . 240, 3. 56. a^. _ . 

5’ 289' 5’ 33' II’ 2 45 -., 


— V , — c 

sin 6 ; sin 0 , 

12 §6. 13. 19 ■ 29 . 340, 

■ 65’ 8s’ 13 Vs’ 13 Vs’ 289’ 


—2-1 


83 . (4n + i) - or (zn + 3) - + tan“^ — . 

' 2 2 21 

84 . (zn — i) w — a. 85 . ± cos""^ . 

Vio 

36 . nir + (-!)" sin-» Y • 

88. Solving in the ordinary way, x^z. On substitution, however, rc *■ 2 
gives a positive value to the left-hand side of the equation, whereas 
the right-hand side is apparently negative. The smallest positive value 
of tan“"^ (- 7) must therefore be taken to check this value. 


89 . znn ± ^, 4WW ± IT or J (^nv ± tt), 

46 , {^n + or {n - 
49 . o-»J« 7 r + (—+ 
M sm{a + i(n-i)p}sininp 
sinip 


40 . 

4 


48 . ± 
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Examples 2. 


1. 

^ a*-«. 8. 

q 

i (log a)®. 

6. i(a-A). 

8. 

ia®. 9. 

2 V3 

9 

10. J. 

12. 

a^- b 

e (log a — log b) * 

13. 

n 

14. I. 16. 

16. 

00, 

17. 0. 

20. 


7 . 

11 . 


h 


o. 


-5. 


Examples 3. 


(logjc + i). 


5 . Va* — --, 

' Va2 _ 

6. 5JC*; an (ax + 6)’*“'^; 3c® (i + log^c). 


7. (a + na”® log a; 2xln(a^+x^) » ; -log a. 

X 

8. ^--5=-^: (i - *)"-* (w - x™-»e» (ac + m); 

OCT 

(i + n log x). 

0 . - ; *(i+2logac); lo'®* (log« 10)* io»; 

X loge X X 

10, 2 sin a; cos jc; zcoszx; — 3 cos® « sin jc; ac sec (2 + a? tan ic). 

, ^ zx sin jc + a: cos x « ^ 

11. ->===; - -p-. ; sec® x tan zx + z sec* zx tan x. 

VI — z V X sin X 


12. COS""^ X — 


X ^ -1 , ^ 

=: zx tan ^x + 

9 * 


cos X (tan*"® x)* + 


vr^rp’ " ■ I + ac®’ 

2 sin X tan“^ x 


1 -h x^ 


18. (S+4*)‘”“'|^log(s + 4ac) + |-^^Iogai:|; 


- mx^-^ 


Vi — x^ {i — Vi — Ac®}^’ X log x 
14. a« log a + ax^^; x^ (i + log x) - zmx (i - a;®)^®; 

AC^^AC**-^ (n log AC 4- i). 

16 3 (t - 4 ^*) .3 v; v;::r=rr_ I ._ 

(i 4- AC®) (i 4- i6Af®)’ 2 2 Vi - JC® Vcos'^a; 


18. 


X — Acy log AC* 


19. -- ^ 


21. (i) (a) 


cc e»- r 


(cc® - a®)^ (jc® - 40*)^ ’ 2AC (a 4- bx^)^ 


20. I feet per second. 
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28. 

24. 

26. 

28. 

29. 

80. 

88 . 

35 . 

37. 

39. 

41. 

44. 

51. 

52. 

53. 

54. 

57. 

59. 

60. 

70. 

71. 


3 27. J. 

2 (i — i*) — 4« St (i + t^) 2 

(i + 1*)* * (i + (I - » (i + ty 


-f zax^ + X* 


2 (a + x) (a* + ac*) (a® + ax + ac®) ’ 
I 1 + V 1 — X* 


2 ac®log«io* X 
1 — 2aty 
ac® + 3>>® - I * 
n\ 

(n-r)r 

(Of; (iOaj^-f. 


32. 


26 * 


Vg2a> 


84. (i) cotac; (ii) 


86 . 


I + ac* 
a sin afx ~ cos ajx 
2x^ ' I + sin ajx cos ajx * 

38 . 


2ac^ -f y2 


(i) 


(I + log *); (ii) — ; (iii) e»*. 


/:\ ^ .* (fld - he) . 11 - 6 log * 


4 af® — 4 aff. 


46. 


2 logq 


50. o. 


' Ka - 6) (a - c) • (* - a)«+i ^ {b- c)(b- a)' (x- 6)»+» 

. f»c + g _L_l 

■^(c-a)(c-6)’(*-c)”+i/' 

{(* - 2)«+i “ (* - i)»+i}• 


(— i)”«l f (c — a) (c — b) _ (<f — g) (rf — 6) 
c — d \ (x — c)"+^ (* — 

8 . 256 

(i - jc)* (1 + zx)*’ 




( 1 ) (® 

,)« «» /_!_?_I _ i)«(”±i)j_!_ 

'■ (6 - a)* t(* - 6)”+^ (jc-a)"+i/ ^ (6 - a) (* - a)"+*‘ 


6)»+t («: _ a)n+ij 

p - (log i)*; g - log c log g (log cs*); r (log g log c)*. 
— cos 8 I 


(i) 


x/cos z8— cosec* 8 cos* z8 


; (ii) 


a(i +**)* 
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78. 3 . 74. (o, o) and (aa, — 

76. (i) (- a, 3 ) (- 2 ,- 1 ); (ii) (i, i) (- s, i). 


Examples 4. 


2. 

log 2 + 

X x^ 




3 . 

I + 



’ . s** 

1 ^ ' • • • • 





2 8 

192 *“ 






2 

0 


6. 



^® , A 

.3 


1 + 

zx + 

3 ^® 



X* 0^ 


I 

+ I “ 

■ —+ - 

— ... • 

7 . 


+ 

+ 





z 

12 24 




~2~ 

6 


12 40 720 

9 . 

X 

_ 5c® 



10. 




5 x^ 


12. - 

*• 



3" 

5 

1 ““ 


4 

2 

4 

12 




18 . 

I 

+ — 

3a 

JC® 

8 ia® 

.... 

14 . 

X — 

Ix^ 

+ 15 ** •• 

•• 

17 . - 

il. 

18 . 

I 

+ f X 

+ W 

+ ?§a;® ., 


20. 

I 

I 

1 

2 

4 

X® _ ac® 

^ 48 480' 

... 


22 . px — ip {p^ + 6 ) ac® + iP*" + 20 /)® + 60 ) .... 


Examples 5. 


1 , Max. i; Min. — 

8 . Max. 3 ; Min. J. 

6 . Max. 73 ; Min. 69 , 69 . 


2 . Max. 9 a®; Min. - 

4. Max. Min. o. 

6 . Max. Min. — 


7. Max. 13 ; Min. — 10 ; Point of inflexion where x — o, 

A i»>r z'^ah + a + h z^ab — a — h « ,, a 

8 . Max. — -p^- -; Min.- 7 =-. 9. Max. Min. o. 

z 'y ab — ah 2 Va 6 + a + 6 

10 . Max. — zc Vabi Min. zc Vab, 11 . -. 

* 


12 . Max. 4 j; Min. 3 . 18. 207 * 8 . 14. gc, 

16. 3 - 3 log^ 3 . 17. o«i~ 6 ; ^ 9 . 

18. 125 yards from A along AB and then across the grass to C. 

19. —20, w parts. 21. J {(a + — Va® — aft + 6 ®}. 


• eVi* 

22. (a* + ft*)^ 


28. 66 minutes. 


24. Max. -; Min. ^ -7 • 

Vab-h Vab + h 


27 . 


80 . 2 Vaft. 


81 . i(a + b)\ 
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88. 16s feet. 88. y - a*» + 4* **• Max. a; Min. |. 

X 

86. Max. — 6; Min. z. 86. Max. 12; Min. - 100, 8. 

88. flp o. 89, i — j =., 40, i —~, 

V2 V3 

48. Max. I; Min. o. 44. Max. 4*317; Min. 4*183. 


46 . 

Max. JjP; 

Min.-\p. 


46 . 

- 

■ 5 . 



47 . (a + A)». 





Examples 

6 . 




1 . 

o. 

2 . 

O. 


3 . 

j. 



4 . 

loa,a. 

6 . 

m 

«• 

6 . 

I ' 

V 2a’ 


7 . 

- 

I. 


8. 

a* 

V » 

0 . 

i. 


10 . 

!• 



11 . 

I. 


12 . i. 










n 

18 . 

log.<l. 


14 . 

lie 

24 * 



16 . 

I. 


16 . 

17 . 



18 . i 
2 

h ■¥ a 
h — a 

log- 

• 



20 

. 00. 

21 . 

a — lao; 


6 o; c " 

i8o. 



23 . 

o. 


24 . o. 

26 . 

3 «- 

26 . 


28 . 

- 

x^ + 

y! + 

2 

X* 


80 . u — uy, 


Examples 7. 

Note. In the answers to questions on indefinite integrals, the presence 
of the constant of integration is to be inferred. 

n+ i' 3 (-«+ i)’ * ' 

8 . lx® + + xa®; ax + I6x® + lex®; -1 (i + x)”*. 

4. - cos*; sin*; - cot*. 6. j^; + bx; ^ + ibx* + ex. 


6. — icos2x; l8in3x; ltan4x. 

7. log(*+i); 

8. 3log» + ?; + 

8. i 108^^5 log*-tan-^». 


(n — 2) x”"* (n 


-i)*"-J* 


10. asin“”^x; -sixr^ax. 


11, ^ sin 3X + f sin x. 
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|[(n - 3) y»-* (« - 2) y«-* (n - i) 

” t(« - 3) (l + *)“■* ~ (« - 2) (l + *)"“* (« - i) (x + 

n dx 1 fv'ac* —2*1 

17. i log ’ " 

26, 

27. Jlog 


18. 14. 

wji y 

16. — log (i — ac) — tan-^ x. 
23. + ax^ + bx + c. 

26. L - ;^--4x-Bc*/log,c. 


I + a; 


I — ^ 2 (i + «)* 

iia 
6 • 

—* 28. log— 

1 - t ® I - 


Examples 8. 

Note. In the answers to questions on indefinite integrals, the presence 
of the constant of integration is to be inferred. 

^ I 1,2 I I I w- 4 

n-I'(I+«)«-!■*■ n-2'(I+*)"-» n-3-(x+*)"-*’ * * V*’ 

8(*- x)(* + 2)i. 

2. 2 log (x - 3) - log (x - i); 3^1? + II log (a? - 2) - 2 log (x - i); 

(5a;8 + 6** + 8* + x6). 

35 


_ I , x^ — a 


—- + ilog*^. 

^-i ^ X + 3 


i log (3 + 4 sin x); log (4x^ + 3); log (e® + cos x). 
6, sin-^ ; log (5? + J + V2 + ac + ac*). 

«. - 3 logtt+ico 8 *}; ilog tan 

„ - /x^ - X + I I , a:* - a* 

V *• + * + X* 6a’** + a»' 

2 2 X 

8. vm?; I log (4X* + 3) + tan"^ 

9. ^ {cos 3e — t 008 5^^}; sin + J sin f x. 


10. ^ (x^ — 2a*) Va* + ; - log 


VI + — 1 

- iUK —i-• 

^ V I + + 1 


I, cx -h b - k i ^ _^cx + b 

"■ + k -T— 




FI 


12 
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18, (i) V** — I; (ii) 4{* Vjc* — I + log(* + V»* — i)}; 

(iii) i («* - l)» + VS*^. 

14. - f log(* -1) - - tan-^* + Jlog(i + **). 

f 

16 . log f; f; 16 . Jac* log - iac*; -3 (a - 2a!c + a*jc®) 

17, e* (jc* - 2JC + a); i (** log - iac*). 


18 . 

19 . 

20 . 
21 . 
23 . 

25 . 


sin — re cos x\ sin x + cos jc — 6 jc sin jc — 6 cos x. 
+ i) tan~^ x - x); ^l(x + i). 

(a cos hx + b sin hx)l(a^ b^), 

J log ( 2 X + — 7). 22 . fog tan (Jw + \x). 

- i {log (i - x)}\ 24 . log X {log (log x) - i}. 

X (30^ 4 - 2X^) (x^ + 2bx + 

3a^(a^ + x^)^' ‘ 2(n+i) 

~^{log (6x + i) + a V3 + x + 8}. 

^3 


27 . 

28 . X - log< (l + c*)/loge C. 
20 . 


log Vx^ + X ^ 1 + ~4=tan“*^{(2A; + iVVJ}. 
^3 


30 . 

31 . 

33 . 

35 . 

36 . 
38 . 

40 . 

42 . 

48 . 


V5 + 2ac + a;* — log (l + + V$ + 2 X + x^). 

log JC - i log (i + x^). 82 . ^ tan“i (J tan ix). 


X — V2 + ViH- 




log • _ _ • 

V 2 X-hV2+Vi-tX^+I 

-^log{flf + 4 + 2\^2 \^2 + X - X^} + J- log X. 


84 .-^ sin”^ ^^, 

V'l 2 X 


:log 


sec* X 


2 (a — 6) ^ a + b tan* jc* 


tan~^ 




Va + ft 


tan 


37 . a sin“^ (x/a) — Va* — jc*. 
3 ®* A {3^ ~ 4 log (4 cos » + 3 sin x)}, 

ajj-. 


Va* 4- oft 

(a) y (logy - i); (ft) y co8~^y - Vi - y*. 

— i i2x* + i)lix* + i)* + a constant. 45 . } tan^^ ac*. 

^V=~;= tan-i { - 7 - :=:- tan 

Va*-^b* lVa + 6 

49. g«» (a?/^ - i/g*). 


4 »J. 


46 . log(«+Vac*-i) —8ec“^jif. 
48 . - i (a* 4 «*)~^ (2a* + 3flc*). 


47 . 
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- 1 _ X _ 3 — 2m • 

^ (2 — 2m) a* (x^ — (2 — 2m) a* 


I I , «— a 

61. Jac* (log xy - log AP + ^Af*. 

58. — \{a (a — Ap) V2aAP — ac* + a® sin~^ (a — Ap)/fl} — J (2aAp — ac®)^. 

I , sin (x - a) 
sm (a — 6) sm (ap — 0 ) 

66. Jap* sin”*^ ap + J (2 + ap*) Vi — ap*. 66. tan“^ (— cos 20). 

67 . ^|tan-^ \/ ~ * -(s - 2x) V(x- 2X3 -a:)j-. 

68. ke~-^x^> where /) s — B/Iogc. 

69. log AP - log {(aP + i) + V3AP* + 2AP 4- l}. 

60. J log tan Jap-. 61. tan~^ tan ap) — ap. 

® 2Sin*AP V2 \V2 / 

2AP* + I Va;* + AP* + I 

**• - 4 (**+!)*• • -i-• 

66. J — where ar = (2 — ap*)/ap*. 

66. f(2 + AP"-i)4-J(2 + Ap-i)J. 

67. 6 (J2* - Ja:® + J2’ - Jaf® + Jar® - Jar®), where ar = (ap + i)J, 

68 . + 

69. - — (log z + 36ar* - ^ 

where z = + h. 

70. ^ log {(** - i)V(*® + Jc* + i)} + —^tan-^ {( 2 ** + i)l'^ 3 }. 

4 "va 




: + 2 cos B \ 
2 + cos ^ / 


Examples 9. 

2. + i); 12a + 41J6. 

8 . (i - «-“’*)/«»; 2[5i(m+n+a) _ (_ s)i(m+n+2)]/(^ + n + a). 

4 . I-iff-J log 2. 6. logfj; 2 - flogs + ff/6 V3I 

V2 

6. ^ log 2 +if; ff/Vs. 7 . iV’a(v'2-i); ^2-1. 

8 . 3ff/i6; ff/is* ®- sir; srffs* 

IT 

10. J (6* log 6 - a® log a) - J (6* - a®); J (e® + e *). 
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11. w — a; — a6e~* + i6. 18 . i log f. 

18 . i(b — a — i) (36 — 3a — i) — i (a — b)* log (b — a). 16 . 3ir/i6. 


18. Jloga —i. 19. e*log 2 . 

26. J + ilogiiSr + f- 

29. 4a* (c*-6®). 30. A. 

88. 4(e»-e-*)- 34. 24 V 3 IS. 

86. (8jr/3 - 3 V3) a*; (4^/3 + 3 VJ) a*. 


24 . logf - |. 

28 . 36a*. 

81 . 8a*/3. 82 . 

86. I - logf. 
37 . 47 r, 


39 . 1 6aVs 
41 . - 


40 . f (a* - i) - log a; § (a* + i) + log a. 


42 . 


TT (a — sin a cos a) 


Vx* + a* (* + V** + a*) ‘ sin' “ 

44 . «l/a"+’'; v log (a + i). 46 . y =fa smr'-Vzxja + f Vaa* — 4**. 

47 . 3 Va/S + g log (Va + i). 

** + ''^ 2 )} ; I i log (I + V'a)]- • 3®* W- 


Miscellaneous Examples* 

1. Max. i; Min. - i ; Area i. 

2 . (») 1(1 - -a) (*+*) 5 (“) (sin-> *)2} 

8. (i) i; (ii) 4. 

4 . iif~log(ac® + 2af + 3) + ^tan“^^ 




5 . 


I + AP* ' I + JC® ’ I 4- JC* ’ 

10. 0*577... ft. per min. 


7 . *= 18, y ** 2*8. 


11 . 


12 . — I. 
16 . — 12. 


13 . 


16 


ml nl ^ ml (n — i) 1 
(m + w)! * (m + w)! 

14 . } ft. per min. 


17 . ^ + 41oga-i; g. 


21 . 4^""^ 22 . 48*68... miles. 23 . 7*04... 

24 . (i) X - log (i + e*); (ii) log (i 4 * e"); (iii) e* ~ log (i 4 - e®); 

(iv) log (i 4- e*) ~ jc - e*”®. 


jc 


26 . ^ (log f 4- i) - 4- i}. 


26 . 
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28 . 4 ^^ ft. per sec. 29 . 

9 2V3 

30 . (i) 1% (2^ - 3) (i + ^)* ; («) IT l 7 x - 23 log (4 sin x + cos x)]. 

34 . (i) v; (ii) a, 

86. — {J + (log xy - i log ac}; i sin® x - ^ sin® x. 

4 

38 . (i) zVx-2Vk log {V* + Vx }; (ii) ~ - (5ff - a)*}; 

(iii) 2 Vac — 2 tan“^ Vac. 

39 . J ; I. 40 . sin”^ ac log f-) + 7 

\ac/ Vi-jc®‘ 

I 

45 . (i) — log cos ac — sin"^ ac tan ac; 

<2»-i + (log a — i) + ac““® (aac — log ac). 

47 . Max. “ 5» 3 V3, 3 V3; Min. - 3 V3, 5, - 3 V3, 5, 

61 . i {i + log §}; J jsec ac - log cot . 

62 . ; (2a)“*. 64 . (i — 6V) ^ ^ a^b^y — o. 


66. - [log {(3ac + 5) + Vac® + 2ac + 3} - log (ac - 2)]. 

VII 

57. —^; d c* - 3 (- ~:ri’ 

3w — I 3« 3w + I 


6 . 


59. (i) u - uy\ (ii) o; (iii) i tan u. 

60. The missing values are: t, 5*125 and 64; i and 70; — 4, 23 

and 50; 18 and 18. 


01. (i) -^{(26^^^ — i) cos“^ ax — cacVi — a^x^}; 

4^ 

00 ^ j {(i + *«)»-! + * (« - l) 

62 . -i; 

lie* 

68. (ii) y « ± «. 64. -g-loe. 

AR + 2 tan® ^ + tan* d ^ i 6 t (i — t*) 

*1 — 6 tan® d + tan* d' (i — 6t® + t*)®* 

68. After another 4 8 hr. approx. 


70. 1*85 in. 
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Cosecant, 2 
Cosine, 2 
series for, 74 
Cotangent, 2 
Critical value, 78 

Definite integral, 102, 140 
Degree, 6 
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Indefinite integral, 103 
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Integral, definite, 102, 140 
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indefinite, 103 

Integration by parts, 127, 145 
Inverse function, 10 

Lagrange, form of remainder, 67 
Leibnitz's theorem, 52 
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Maclaurin’s theorem, 66 
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Maximum value, 77 
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Partial differentiation, 95 
Parts, integration by, 127, 145 
Periodic function, 9 
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tions, 7 

Points of inflexion, 82 
Polynomial, zz 
Projection, ii 

Radian, 6 
Rates, 24 
average, 25 
constant, 24 

Rational integral function, 22 
Ratios, trigonometrical, 2 
Reduction formulae, 130 
Remainder term, Taylor’s series, 67 
Rolle’s theorem, 62 
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Schldmilch, 67 
Secant, z 

Sequence, limit of, 32 
Series, convergent, 32 
divergent, 32 
Sine, 2 
series for, 73 

Standard forms, differential calculus, 
44,47 

integral calculus, 106 
Stirling’s theorem, 66 
Substitution, method of, 113 
Successive differentiation, 51 
Sum and difference formulae, 14 

Tangent, 2 
Taylor’s theorem, 65 
Transcendental function, 24 
Trigonometrical ratios, 2 
Turning value, 77 

Vandermonde’s theorem, 54 
Variable, definition of, 22 
dependent, 22 
independent, 22 
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